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OPEN-CLOSED GROMOV-WITTEN INVARIANTS OF 3-DIMENSIONAL
CALABI-YAU SMOOTH TORIC DM STACKS
BOHAN FANG, CHIU-CHU MELISSA LIU, AND HSIAN-HUA TSENG
Abstract. We study open-closed orbifold Gromov-Witten invariants of 3-dimensional Calabi-Yau smooth
toric DM stacks with respect to Lagrangian branes of Aganagic-Vafa type. We prove an open mirror theorem
for toric Calabi-Yau 3-orbifolds, which expresses generating functions of orbifold disk invariants in terms
of Abel-Jacobi maps of the mirror curves. This generalizes a conjecture by Aganagic-Vafa and Aganagic-
Klemm-Vafa, proved by the first and the second authors, on disk invariants of smooth toric Calabi-Yau
3-folds.
1. Introduction
Open Gromov-Witten invariants of toric Calabi-Yau 3-folds have been studied extensively by both math-
ematicians and physicists. They correspond to “A-model topological open string amplitudes” in the physics
literature and can be interpreted as intersection numbers of certain moduli spaces of holomorphic maps
from bordered Riemann surfaces to the 3-fold with boundaries in a Lagrangian submanifold. The physics
prediction of these open Gromov-Witten invariants comes from string dualities: mirror symmetry relates the
A-model topological string theory of a Calabi-Yau 3-fold X to the B-model topological string theory of the
mirror Calabi-Yau 3-fold Xˇ ; the large N duality relates the A-model topological string theory of Calabi-Yau
3-folds to the Chern-Simons theory on 3-manifolds.
1.1. Open GW invariants of smooth toric CY 3-folds. Aganagic-Vafa [5] introduce a class of La-
grangian submanifolds in smooth toric Calabi-Yau 3-folds, which are diffeomorphic to S1 × R2. By mirror
symmetry, Aganagic-Vafa and Aganagic-Klemm-Vafa [5, 4] relate genus zero open GW invariants (disk in-
variants) of a smooth toric Calabi-Yau 3-fold X relative to such a Lagrangian submanifold L to the classical
Abel-Jacobi map of the mirror Calabi-Yau 3-fold Xˇ, which can be further related to the Abel-Jacobi map
to the mirror curve of X . This conjecture is proved in full generality in [30].
By the large N duality, Aganagic-Klemm-Marin˜o-Vafa propose the topological vertex [3], an algorithm
of computing all genera generating functions Fβ′,µ1,...,µh(λ) of open Gromov-Witten invariants of (X,L)
obtained by fixing a topological type of the map (determined by the degree β′ ∈ H2(X,L;Z) and winding
numbers µ1, . . . , µh ∈ H1(L;Z) = Z) and summing over the genus of the domain. The algorithm of the
topological vertex is proved in full generality in [55].
Bouchard-Klemm-Marin˜o-Pasquetti propose the Remodeling Conjecture [7], an algorithm of constructing
the B-model topological open string amplitudes in all genera of Xˇ following [53], using Eynard-Orantin’s
topological recursion from the theory of matrix models [28]. Combined with the mirror symmetry predic-
tion, this gives an algorithm of computing generating functions Fg,h(Q,X1, . . . , Xh) of open Gromov-Witten
invariants of (X,L) obtained by fixing a topological type of the domain (determined by the genus g and
number h of boundary circles) and summing over the topological types of the map. Eynard-Orantin provide
a proof of the Remodeling Conjecture for any smooth symplectic toric Calabi-Yau threefolds [29].
1.2. Open GW invariants for toric CY 3-orbifolds. There have been attempts to generalize the above
results to 3-dimensional Calabi-Yau smooth toric DM stacks. The closed GW theory of orbifolds has been
studied for a long time. The physics literature dates back to early 1990s such as [15, 67], which study
the quantum cohomology ring of orbifolds. The mathematical definition is given by Chen-Ruan [20] for
symplectic orbifolds and by Abramovich-Graber-Vistoli [1, 2] for Deligne-Mumford stacks.
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A toric Calabi-Yau 3-orbifold is a 3-dimensional Calabi-Yau smooth toric DM stack with trivial generic
stabilizer. The concept of Aganagic-Vafa branes can be extended to the setting of 3-dimensional Calabi-
Yau smooth toric DM stacks. These branes are diffeomorphic to [(S1 × R2)/G] where G is a finite abelian
group. The open Gromov-Witten invariants of 3-dimensional Calabi-Yau smooth toric DM stacks are defined
via localization [60], generalizing the methods in [44]. By localization, open and closed Gromov-Witten
invariants of a smooth toric Calabi-Yau 3-fold can be obtained by gluing the Gromov-Witten vertex, a
generating function of open Gromov-Witten invariants of C3, which can be reduced to a generating function
of certain cubic Hodge integrals [27]. Similarly, open and closed orbifold Gromov-Witten invariants of a
3-dimensional Calabi-Yau smooth toric DM stack can be obtained by gluing the orbifold Gromov-Witten
vertex, a generating function of open Gromov-Witten invariants of [C3/G] (where G is a finite abelian group
acting trivially on dz1 ∧ dz2 ∧ dz3), which can be reduced to a generating function of certain cubic abelian
Hurwitz-Hodge integrals [60]. The Gromov-Witten vertex has been evaluated in the full 3-leg case [52, 55].
The orbifold Gromov-Witten vertex has been evaluated for [C2/Zn] × C where C2/Zn is the An surface
singularity [70, 62, 63, 61], but not in the general case.
As for mirror symmetry, a mirror theorem for disk invariants of [C3/Z4] is proved in [10]. The Remodeling
Conjecture is also expected to predict higher genus open Gromov-Witten invariants of toric Calabi-Yau 3-
orbifolds via mirror symmetry [7, 8].
1.3. Summary of results. In this paper we study open-closed orbifold Gromov-Witten invariants of a
3-dimensional Calabi-Yau smooth toric DM stack X relative to a Aganagic-Vafa A-brane L, and prove a
mirror theorem for disk invariants of arbitrary toric Calabi-Yau 3-orbifolds. Open Gromov-Witten invariants
of the pair (X ,L) count holomorphic maps from orbicurves to X with boundaries mapped to L. Morally,
the moduli space of such maps are characterized by the following data:
• topological type (g, h) of the domain orbicurve (Σ, ∂Σ) , where g is the genus and h is the number
of boundary holes;
• number of interior marked points n;
• topological type of the map u : (Σ, ∂Σ = ∐hi=1 Ri) → (X ,L) given by the degree β′ = u∗[Σ] ∈
H2(X ,L;Z) and each [u∗(Ri)] ∈ H1(L;Z), collectively denoted by ~µ = ([u∗(R1)], . . . , [u∗(Rh)]);
• framing f ∈ Z of the Aganagic-Vafa A-brane L.
We denote this moduli space by M(g,h),n(X ,L|β′, ~µ). If we use the evaluation maps evi, i = 1, . . . , n at
interior points to pull back classes in the orbifold Chen-Ruan cohomology H∗CR(X ) of X , we obtain open-
closed Gromov-Witten invariants. More precisely, for any framed Aganagic-Vafa brane (L, f), f ∈ Z, the
brane (L, f) intersects with a unique 1-dimensional orbit closure lτ with the generic stabilizer µm, where
µm = {z ∈ C∗ : zm = 1} ∼= Zm. Furthermore, there is a canonically associated orbidisk which passes
through a torus fixed stacky point pσ = BGσ in X . Given γ1, . . . , γn ∈ H∗CR(X ;Q), we define open-closed
orbifold Gromov-Witten invariant 〈γ1, . . . , γn〉X ,(L,f)g,β′,~µ via localization using a circle action determined by the
framing f ; this is a rational number depending on f and can be viewed as an equivariant invariant. For each
topological type (g, h) of the domain bordered Riemann surface, we define a generating function F
X ,(L,f)
g,h
of open-closed Gromov-Witten invariants which takes value in H∗CR(Bµm;C)
⊗h, where H∗CR(Bµm;C) =
⊕λ∈µmC1λ. In particular, the disk potential F
X ,(L,f)
0,1 takes values in H
∗
CR(Bµm;C). We denote ~µ =
(µ, λ) ∈ H1(L;Z) ∼= Z× µm. In case that L is an outer brane1, the disk potential FX ,(L,f)0,1 is the following
F
X ,(L,f)
0,1 (τ 2, X) =
∑
β′,n≥0
∑
(µ,λ)∈H1(L;Z)
〈(τ 2)n〉X ,(L,f)0,β′,(µ,λ)
n!
·Xµ(−ξλ¯0 )1λ−1 .
Here τ 2 ∈ H2T,CR(X ;C) and ξλ¯0 is an m-th root of −1.
In this paper, we prove a mirror theorem regarding F
X ,(L,f)
0,1 when X is a semi-projective toric Calabi-Yau
3-orbifold. Mirror symmetry relates the topological A-model string theory to its mirror topological B-model
string theory. When the A-model theory is a semi-projective toric Calabi-Yau 3-fold, its mirror is given by
a Calabi-Yau hypersurface in C2× (C∗)2 given by a equation uv = H(x, y, q), where (u, v, x, y) ∈ C2× (C∗)2
1We work with both inner and outer branes. See Section 3.2 for the definition.
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and q is the complex moduli parametrizing the B-model. The function H(x, y, q) is determined by both the
combinatorial toric data of X and the framed brane (L, f). The affine curve Cq = {H(x, y, q) = 0} is called
the mirror curve. We can fix a labeling of the m points with x = 0 on the mirror curve by the elements in
the character group µ∗m = Hom(µm,C
∗). Then we prove the following open mirror theorem for disks:
Theorem 1.1. Under the open-closed mirror map τ 2 = τ 2(q) and X = X(τ 2, q),(
x
∂
∂x
) ∑
η∈µ∗m
(log y)Uǫηφη = |Gσ|
(
∂
∂x
)2
F
X ,(L,f)
0,1 (τ 2, X).
Here U ǫη is a small neighborhood of the x = 0 point labeled by η ∈ µ∗m, and {φη}η∈µ∗m is the canonical basis
of H∗CR(Bµm;C).
Remark 1.2. The definition of the disk function FX ,L0,1 and the formulation of the above Theorem 1.1 are
slightly different from those in the first version of this paper in 2012 [31], but the above Theorem 1.1 implies
[31, Theorem 1.1], which is used to prove an open version of Ruan’s Crepant Resolution Conjecture for disk
invariants of toric Calabi-Yau 3-orbifold relative to an effective Aganagic-Vafa brane [45].
1.4. Similar results for compact Lagrangian tori. There are other open Gromov-Witten invariants rel-
ative to different types of Lagrangian submanifolds. C.-H. Cho [13] and J. Solomon [64] define disk invariants
of a compact symplectic manifold in real dimension four and six relative to a Lagrangian submanifold which
is the fixed locus of an anti-symplectic involution. The mirror theorem for disk invariants for the quintic
3-fold relative to the real quintic is conjectured in [66] and proved in [58]. It has been generalized to compact
Calabi-Yau 3-folds which are projective complete intersections [59], where a mirror theorem for genus one
open Gromov-Witten invariants (annulus invariants) is also proved.
Open orbifold Gromov-Witten invariants of compact toric orbifolds with respect to Lagrangian torus fibers
of the moment map are defined in [22], which generalizes the work of [33] on compact toric manifolds. The
third author and collaborators prove mirror theorems on disk invariants in this context [18, 16]. The third au-
thor and collaborators also prove mirror theorems on disk invariants of toric Calabi-Yau manifolds/orbifolds
(which must be non-compact) with respect to Lagrangian torus fibers of the Gross fibration [19, 17].
1.5. Applications. The main theorem (Theorem 1.1) of this paper has several applications. Here we
mention two important applications.
As mentioned in Remark 1.2 above, Theorem 1.1 has been applied to prove an open version of Ruan’s
Crepant Resolution Conjecture for disk invariants of toric Calabi-Yau 3-orbifold relative to an effective
Aganagic-Vafa brane [45]. The effective condition can be removed using the main result of this paper. This
generalizes the Open Crepant Resolution Conjecture (OCRC) for disk invariants of [C2/Zn]× C relative to
Aganagic-Vafa branes proved in [11].
Recently, the first two authors and Zong prove the BKMP Remodeling Conjecture for all semi-projective
toric Calabi-Yau 3-orbifolds [32]. Theorem 1.1 is one of the key ingredients of this proof.
1.6. Overview of the paper. The rest of the paper is organized as follows. In Section 2 we review the
necessary materials concerning toric DM stacks. In Section 3 we apply localization to relate open-closed
Gromov-Witten invariants and descendant Gromov-Witten invariants of 3-dimensional Calabi-Yau toric DM
stacks. In Section 4 we prove a mirror theorem for orbifold disk invariants.
Acknowledgments. The first author would like to thank Kwokwai Chan, Naichung Conan Leung and
Yongbin Ruan for valuable discussions. The research of the first author was partially supported by NSF
DMS-1206667, a start-up grant at Peking University, and the Recruitment Program of Global Experts in
China. The research of the second author was partially supported by NSF DMS-1159416 and NSF DMS-
1206667. The research of the third author was partially supported by Simons Foundation Collaboration
Grant and NSF DMS-1506551.
2. Smooth Toric DM Stacks
In this section, we follow the definitions in [42, Section 3.1], with slightly different notation. We work
over C.
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2.1. Definition. Let N be a finitely generated abelian group, and let NR = N ⊗ZR. We have a short exact
sequence of (additive) abelian groups:
0→ Ntor → N → N¯ = N/Ntor → 0,
where Ntor is the subgroup of torsion elements in N . Then Ntor is a finite abelian group, and N¯ = Z
n, where
n = dimRNR. The natural projection N → N¯ is denoted b 7→ b¯. A smooth toric DM stack is an extension
of toric varieties [34, 6]. A smooth toric DM stack is given by the following data:
• vectors b1, . . . , br′ ∈ N . We require the subgroup ⊕r′i=1Zbi is of finite index in N .
• a simplicial fan Σ in NR such that the set of 1-cones is
{ρ1, . . . , ρr′},
where ρi = R≥0bi, i = 1, . . . , r′.
The datum Σ = (Σ, (b1, . . . , br′)) is the stacky fan in the sense of [6]. The vectors b1, . . . , br′ may not generate
N . We choose additional vectors br′+1, . . . , br such that b1, . . . , br generate N . There is a surjective group
homomorphism
φ : N˜ := ⊕ri=1Zb˜i −→ N,
b˜i 7→ bi.
Define L := Ker(φ) ∼= Zk, where k := r − n. Then we have the following short exact sequence of finitely
generated abelian groups:
(1) 0→ L ψ−→ N˜ φ−→ N → 0.
Applying −⊗Z C∗ to (1), we obtain an exact sequence of abelian groups:
(2) 1→ K → G→ T˜→ T→ 1,
where
T := N ⊗Z C∗ = N¯ ⊗Z C∗ ∼= (C∗)n,
T˜ := N˜ ⊗Z C∗ ∼= (C∗)r,
G := L⊗Z C∗ ∼= (C∗)k,
K := TorZ1 (N,C
∗) ∼= Ntor.
The action of T˜ on itself extends to a T˜-action on Cr = SpecC[Z1, . . . , Zr]. G acts on C
r via the group
homomorphism G→ T˜ in (2), so K ⊂ G acts on Cr trivially.
With the above preparation, we are now ready define the smooth toric DM stack X . Let
A = {I ⊂ {1, . . . , r} :
∑
i/∈I
R≥0bi is a cone of Σ}
be the set of anti-cones. Given I ∈ A, let CI be the subvariety of Cr defined by the ideal in C[Z1, . . . , Zr]
generated by {Zi | i ∈ I}. Define the smooth toric DM stack X as the stack quotient
X := [UA/G],
where
UA := Cr\
⋃
I /∈A
CI .
X contains the DM torus T := [T˜/G] as a dense open subset, and the T˜-action on UΣ descends to a T -action
on X . The smooth toric DM stack X is a toric orbifold if the G-action on T˜ is free.
Remark 2.1. The purpose of introducing additional vector br′+1, . . . , br is to ensure G is a connected torus.
The stacky fan Σ together with the extra vectors br′+1, . . . , br is an extended stacky fan in the sense of Jiang
[43]. It follows from the definition that {r′+1, . . . , r} ⊂ I for any I ∈ A. An element of A is usually referred
as an “anti-cone”.
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We introduce the following character lattices:
M = Hom(N,Z) = Hom(T,C∗),
M˜ = Hom(N˜ ,Z) = Hom(T˜,C∗),
L∨ = Hom(L,Z) = Hom(G,C∗).
Applying Hom(−,Z) to (1), we obtain the following exact sequence of (additive) abelian groups:
(3) 0→M φ
∨
→ M˜ ψ
∨
→ L∨ → Ext1(N,Z)→ 0
Therefore, the group homomorphism
ψ∨ : M˜ → L∨
is surjective if and only if Ntor = 0.
2.2. Equivariant line bundles and torus-invariant Cartier divisors. A character χ ∈ M˜ gives a
T˜-action on Cr × C by
(t˜1, . . . , t˜r) · (Z1, . . . , Zr, u) = (t˜1Z1, . . . , t˜rZr, χ(t˜1, . . . , t˜r)u),
where
(t˜1, . . . , t˜r) ∈ T˜ ∼= (C∗)r, (Z1, . . . , Zr) ∈ Cr, u ∈ C.
Therefore Cr × C can be viewed as the total space of a T˜-equivariant line bundle L˜χ over Cr. If
χ(t˜1, . . . , t˜r) =
r∏
i=1
t˜cii ,
where c1, . . . , cr ∈ Z, then
L˜χ = OCr (
r∑
i=1
ciD˜i),
where D˜i is the T˜-divisor in Cr defined by Zi = 0. We have
M˜ ∼= PicT˜(Cr) ∼= H2T˜(C
r;Z),
where the first isomorphism is given by χ 7→ L˜χ and the second isomorphism is given by the T˜-equivariant
first Chern class (c1)T˜. Define
DTi := (c1)T˜(OCr (D˜i)) ∈ H2T˜(C
r;Z) ∼= H2T ([Cr/G];Z).
Then {DT1 , . . . , DTr } is a Z-basis of H2T˜(Cr;Z) ∼= M˜ dual to the Z-basis {b˜1, . . . , b˜r} of N˜ . We have a
commutative diagram
Pic
T˜
(Cr)
ι∗T−−−−→ Pic
T˜
(UA)
∼=−−−−→ PicT (X )
(c1)T˜
y (c1)T˜y (c1)T y
H2
T˜
(Cr;Z)
ι∗T−−−−→ H2
T˜
(UA;Z)
∼=−−−−→ H2T (X ;Z),
where ι∗T is a surjective group homomorphism induced by the inclusion ι : UA →֒ Cr, and
Ker(ι∗T ) =
r⊕
i=r′+1
ZDTi
Therefore,
PicT (X ) ∼= H2T (X ;Z) ∼= M˜/⊕ri=r′+1 ZDTi
Let D¯Ti := ι
∗
TD
T
i . Then
D¯Ti = 0, i = r
′ + 1, . . . , r,
and
H2T (X ;Z) =
r′⊕
i=1
ZD¯Ti ∼= Zr
′
.
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For i = 1, . . . , r′, D˜i ∩ UA is a T˜-divisor in UA, and it descends to a T-divisor Di in X . We have
D¯Ti = (c1)T (OX (Di)), i = 1, . . . , r′.
For i = r′ + 1, . . . , r, D˜i ∩ UA is empty, so it’s the zero T˜-divisor.
2.3. Line bundles and Cartier divisors. We have group isomorphisms
L∨ ∼= PicG(Cr) ∼= H2G(Cr;Z),
where the first isomorphism is given by χ ∈ L∨ = Hom(G,C∗) 7→ L˜χ, and the second isomorphism is given
by the G-equivariant first Chern class (c1)G. We have a commutative diagram
PicG(C
r)
ι∗−−−−→ PicG(UA)
∼=−−−−→ Pic(X )
(c1)G
y (c1)Gy c1y
H2G(C
r;Z)
ι∗−−−−→ H2G(UA;Z)
∼=−−−−→ H2(X ;Z),
where ι∗ is a surjective group homomorphism induced by the inclusion ι : UA →֒ Cr. The surjective map
H2G(C
r;Z)→ H2(X ;Z) is the restriction of the Kirwan map
κ : H∗G(C
r;Z) −→ H∗(X ;Z).
Define
Di := (c1)G(OCr (D˜i)) ∈ H2G(Cr;Z) ∼= H2([Cr/G];Z).
Then
Ker(ι∗) =
r⊕
i=r′+1
ZDi.
Therefore,
Pic(X ) ∼= H2(X ;Z) ∼= L∨/⊕ri=r′+1 ZDi.
Recall that
ψ∨ : M˜ → L∨
is surjective if and only if Ntor = 0. Let
D¯i = c1(OX (Di)) ∈ H2(X ;Z), i = 1, . . . , r.
The map
ψ¯∨ : PicT (X ) ∼= H2T (X ;Z)→ Pic(X ) ∼= H2(X ;Z),
given by
D¯Ti 7→ D¯i, i = 1, . . . , r′,
is surjective if and only if Ntor = 0. In general, Coker(ψ
∨) ∼= Coker(ψ¯∨) is a finite abelian group.
Pick a Z-basis {e1, . . . , ek} of L ∼= Zk, and let {e∨1 , . . . , e∨k } be the dual Z-basis of L∨. For each a ∈
{1, . . . , k}, we define a charge vector
l(a) = (l
(a)
1 , . . . , l
(a)
r ) ∈ Zr
by
ψ(ea) =
r∑
i=1
l
(a)
i b˜i,
where ψ : L→ N˜ is the inclusion map. Then
Di = ψ
∨(DTi ) =
k∑
a=1
l(a)r e
∨
a , i = 1, . . . , r,
and
r∑
i=1
l
(a)
i bi = φ ◦ ψ(ea) = 0, a = 1, . . . , k.
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2.4. Torus invariant subvarieties and their generic stabilizers. Let Σ(d) be the set of d-dimensional
cones. For each σ ∈ Σ(d), define
Iσ = {i ∈ {1, . . . , r} | ρi 6⊂ σ} ∈ A,
and define
I ′σ = {1, . . . , r} \ Iσ .
Then |I ′σ| = d and |Iσ | = r−d. Let V˜ (σ) ⊂ UA be the closed subvariety defined by the ideal of C[Z1, . . . , Zr]
generated by
{Zi = 0 | ρi ⊂ σ} = {Zi = 0 | i ∈ I ′σ}.
Then V(σ) := [V˜ (σ)/G] is an (n− d)-dimensional T -invariant closed subvariety of X = [UA/G].
The group homomorphism G ∼= (C∗)k → T˜ ∼= (C∗)r is given by
g 7→ (χ1(g), . . . , χr(g)),
where χi ∈ Hom(G,C∗) = L∨ is given by
χi(u1, . . . , uk) =
k∏
a=1
u
l
(a)
i
a .
Let
Gσ := {g ∈ G | g · z = z for all z ∈ V˜ (σ)} =
⋂
i∈Iσ
Ker(χi).
Then Gσ is the generic stabilizer of V(σ). It is a finite subgroup of G. If τ ⊂ σ then Iσ ⊂ Iτ , so Gτ ⊂ Gσ.
There are two special cases:
• Let {0} be the unique 0-dimensional cone. Then G{0} = K is the generic stabilizer of V({0}) = X .
• If σ ∈ Σ(n) where n = dimC X , then pσ := V(σ) is a T fixed point in X , and pσ = BGσ.
Define the set of flags in Σ to be
F (Σ) = {(τ, σ) ∈ Σ(n− 1)× Σ(n) : τ ⊂ σ}.
Given (τ, σ) ∈ F (Σ), let lτ := V˜ (τ) be the 1-dimensional T˜ -invariant subvariety of X . Then pσ is contained
in lτ . There is a unique i ∈ {1, . . . , r′} such that i ∈ I ′σ \ I ′τ . The representation of Gσ on the tangent line
Tpσ lτ to lτ at the stacky point pσ is given by χi|Gσ : Gσ → C∗. The image χi(Gσ) ⊂ C∗ is a cyclic subgroup
of C∗; we define the order of this group to be r(τ, σ). Then there is a short exact sequence of finite abelian
groups:
1→ Gτ → Gσ → µr(τ,σ) → 1,
where µa is the group of a-th roots of unity.
2.5. The extended nef cone and the extended Mori cone. In this paragraph, F = Q, R, or C. Given
a finitely generated abelian group Λ with Λ/Λtor ∼= Zm, define ΛF = Λ ⊗Z F ∼= Fm. We have the following
short exact sequences of vector spaces:
0→ LF → N˜F → NF → 0,
0→MF → M˜F → L∨F → 0.
We also have the following isomorphisms of vector spaces over F:
H2(X ;F) ∼= H2(X ;F) ∼= L∨F /⊕ri=r′+1 FDi,
H2T (X ;F) ∼= H2T(X ;F) ∼= M˜F/⊕ri=r′+1 FDTi ,
where X is the coarse moduli space of X .
From now on, we assume all the maximal cones in Σ are n-dimensional, where n = dimC X . Given a
maximal cone σ ∈ Σ(n), we define
K∨σ :=
⊕
i∈Iσ
ZDi.
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Then K∨σ is a sublattice of L
∨ of finite index. We define the extended σ-nef cone to be
N˜efσ =
∑
i∈Iσ
R≥0Di,
which is a k-dimensional cone in L∨R ∼= Rk. The extended nef cone of the extended stacky fan (Σ, b1, . . . , br)
is
N˜efX :=
⋂
σ∈Σ(n)
N˜efσ.
The extended σ-Ka¨hler cone C˜σ is defined to be the interior of N˜efσ; the extended Ka¨hler cone of X , C˜X , is
defined to be the interior of the extended nef cone N˜efX .
Let Kσ be the dual lattice of K
∨
σ ; it can be viewed as an additive subgroup of LQ:
Kσ = {β ∈ LQ | 〈D, β〉 ∈ Z ∀D ∈ K∨σ},
where 〈−,−〉 is the natural pairing between L∨Q and LQ. Define
K :=
⋃
σ∈Σ(n)
Kσ.
Then K is a subset (which is not necessarily a subgroup) of LQ, and L ⊂ K.
We define the extended σ-Mori cone N˜Eσ ⊂ LR to be the dual cone of N˜efσ ⊂ L∨R :
N˜Eσ = {β ∈ LR | 〈D, β〉 ≥ 0 ∀D ∈ N˜efσ}.
It is a k-dimensional cone in LR. The extended Mori cone of the extended stacky fan (Σ, b1, . . . , br) is
N˜EX :=
⋃
σ∈Σ(n)
N˜Eσ.
Finally, we define
Keff,σ := Kσ ∩ N˜Eσ, Keff := K ∩ N˜E(X ) =
⋃
σ∈Σ(n)
Keff,σ.
Assumption 2.2. From now on, we make the following assumptions on the toric orbifold X .
(a) The coarse moduli space XΣ of X is semi-projective.
(b) We may choose br′+1, . . . , br such that ρˆ := D1+ · · ·+Dr is contained in the closure of the extended
Ka¨hler cone C˜X .
Remark 2.3. (1) We make the above assumptions (a) and (b) so that the equivariant mirror theorem
in [25] is applicable to X .
(2) By [26, Proposition 14.4.1], XΣ is semi-projective if and only if |Σ| is equal to the cone spanned
by b1, . . . , br. For example, OP1(−3) ⊕ OP1(1) is a smooth toric Calabi-Yau 3-fold which is not
semi-projective:
Figure 1. OP1(−3)⊕OP1(1)
(3) When X is a Calabi-Yau smooth toric DM stack, Assumption (b) holds if its coarse moduli space
XΣ has a toric crepant resolution of singularities; see [42, Remark 3.4]. By [26, Proposition 11.4.19],
any 3-dimensional Gorenstein toric variety XΣ has a resolution of singularities φ : XΣ′ → XΣ such
that φ is projective and crepant. So Assumption 2.2 (b) holds for any 3-dimensional Calabi-Yau
smooth toric DM stacks.
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2.6. Smooth toric DM stacks as symplectic quotients. Let GR ∼= U(1)k be the maximal compact
subgroup of G ∼= (C∗)k. Then the Lie algebra of GR is LR. Let
µ˜ : Cr → L∨R =
k⊕
a=1
Re∨a
be the moment map of the Hamiltonian GR-action on C
r, equipped with the Ka¨hler form
√−1
r∑
i=1
dZi ∧ dZ¯i.
Then
µ˜(Z1, . . . , Zr) =
r∑
i=1
k∑
a=1
l
(a)
i |Zi|2ea.
If r =
∑k
a=1 rae
∨
a is in the extended Ka¨hler cone of X , then
X = [µ˜−1(r)/GR].
The real numbers r1, . . . , rk are extended Ka¨hler parameters. The symplectic structure ω(r) depends on r.
The map r 7→ [ω(r)] is given by L∨R → H2(X ;R). Let Ta = −ra +
√−1θa be complexified extended Ka¨hler
parameters of X .
2.7. The inertia stack and the Chen-Ruan orbifold cohomology. Given σ ∈ Σ, define
Box(σ) := {v ∈ N : v¯ =
∑
i∈I′σ
cib¯i, 0 ≤ ci < 1}.
Then Ntor ⊂ Box(σ) ⊂ N . If τ ⊂ σ then I ′τ ⊂ I ′σ, so Box(τ) ⊂ Box(σ).
Let σ ∈ Σ(n) be a maximal cone in Σ. We have a short exact sequence of abelian groups
0→ Kσ/L→ LR/L→ LR/Kσ → 0,
which can be identified with the following short exact sequence of multiplicative abelian groups
1→ Gσ → GR → (G/Gσ)R → 0
where GR ∼= U(1)k is the maximal compact subgroup of G ∼= (C∗)k, and (G/Gσ)R ∼= U(1)k is the maximal
compact subgroup of (G/Gσ) ∼= (C∗)k.
Given a real number x, we recall some standard notation: ⌊x⌋ is the greatest integer less than or equal
to x, ⌈x⌉ is the least integer greater or equal to x, and {x} = x − ⌊x⌋ is the fractional part of x. Define
v : Kσ → N by
v(β) =
r∑
i=1
⌈〈Di, β〉⌉bi.
Then
v(β) =
∑
i∈I′σ
{−〈Di, β〉}b¯i,
so v(β) ∈ Box(σ). Indeed, v induces a bijection Kσ/L ∼= Box(σ).
For any τ ∈ Σ there exists σ ∈ Σ(n) such that τ ⊂ σ. The bijection Gσ → Box(σ) restricts to a bijection
Gτ → Box(τ).
Define
Box(Σ) :=
⋃
σ∈Σ
Box(σ) =
⋃
σ∈Σ(n)
Box(σ).
Then Ntor ⊂ Box(Σ) ⊂ N . There is a bijection K/L→ Box(Σ).
Given v ∈ Box(σ), where σ ∈ Σ(d), define ci(v) ∈ [0, 1) ∩Q by
v¯ =
∑
i∈I′σ
ci(v)b¯i.
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Suppose that k ∈ Gσ corresponds to v ∈ Box(σ) under the bijection Gσ ∼= Box(σ), then
χi(k) =
{
1, i ∈ Iσ ,
e2π
√−1ci(v), i ∈ I ′σ .
Define
age(k) = age(v) =
∑
i/∈Iσ
ci(v).
Let IU = {(z, k) ∈ UA ×G | k · z = z}, and let G acts on IU by h · (z, k) = (h · z, k). The inertia stack
IX of X is defined to be the quotient stack
IX := [IU/G].
Note that (z = (Z1, . . . , Zr), k) ∈ IU if and only if
k ∈
⋃
σ∈Σ
Gσ and Zi = 0 whenever χi(k) 6= 1.
So
IU =
⋃
v∈Box(Σ)
Uv,
where
Uv := {(Z1, . . . , Zm) ∈ UA : Zi = 0 if ci(v) 6= 0}.
The connected components of IX are
{Xv := [Uv/G] : v ∈ Box(Σ)}.
The involution IU → IU , (z, k) 7→ (z, k−1) induces involutions inv : IX → IX and inv : Box(Σ)→ Box(Σ)
such that inv(Xv) = Xinv(v).
In the remainder of this subsection, we consider rational cohomology, and writeH∗(−) instead ofH∗(−;Q).
The Chen-Ruan orbifold cohomology [21] is defined to be
H∗CR(X ) =
⊕
v∈Box(Σ)
H∗(Xv)[2age(v)].
Let 1v be the unit in H
∗(Xv). Then 1v ∈ H2age(v)CR (X ). In particular,
H0CR(X ) =
⊕
v∈Ntor
Q1v.
Suppose that X is a proper toric DM stack. Then the orbifold Poincare´ pairing on H∗CR(X ) is defined as
(4) (α, β) :=
∫
IX
α ∪ inv∗(β),
We also have an equivariant pairing on H∗CR,T(X ):
(5) (α, β)T :=
∫
IXT
α ∪ inv∗(β),
where ∫
IXT
: H∗CR,T(X )→ H∗T(point) = H∗(BT)
is the equivariant pushforward to a point. When X is not proper, (4) is not defined, but we can still define
via (5) an equivariant pairing H∗CR,T(X ) ⊗ H∗CR,T(X ) → QT, where QT is the fractional field of the ring
H∗(BT).
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3. Open-Closed Gromov Witten invariants
From now on, we consider 3-dimensional Calabi-Yau smooth toric DM stacks with the trivial generic
stabilizer, i.e. toric Calabi-Yau 3-orbifolds. Then n = 3, N = N˜ ∼= Z3, Ntor = 0, T = T ∼= (C∗)3 and
T′ ∼= {(t1, t2, t3) ∈ (C∗)3 | t1t2t3 = 1} is the subtorus preserving the Calabi-Yau 3-form. There is a primitive
v3 ∈M such that ker v3 = T′. Define M ′ = M/〈v3〉 ∼= Z2 and N ′ = v⊥3 ⊂ N as a rank 2 sublattice N ′ ∼= Z2.
Combinatorially, a toric Calabi-Yau 3 fold is given by a convex polytope ∆ ⊂ N ′R with integral vertices
together with a triangulation of ∆ with integral vertices. The fan Σ is a cone over this triangulation in
N ′1,R ⊂ NR, where N ′1 = {u ∈ N : 〈v3, u〉 = 1} is a coset in N/N ′ (so that there is a non-canonical bijection
N ′ → N ′1). We let all bi be primitive vectors, and then bi ∈ N ′1. Up to integral translation and SL2(Z)
action on N ′, we may assume
b1 = ru1 − su2 + u3, b2 = mu2 + u3, b3 = u3,(6)
ba+3 = mau1 + nau2 + u3, a = 1, . . . , k,
where u1, u2, u3 form a basis in N ∼= Z3. The numbers r = s1, s,m,ma, na are all integers, and r > 0,m >
0, s ∈ {0, . . . , r − 1}. The basis v1, v2, v3 ∈M are dual to u1, u2, u3.
3.1. Toric graph. Let TR ∼= U(1)3 (resp. T′R ∼= U(1)2) be the maximal compact torus of T ∼= (C∗)3 (resp.
T′ ∼= (C∗)2), and we choose an r in the extended Ka¨hler cone. The T-action on X restricts to a Hamiltonian
TR-action on the Ka¨hler orbifold (X , ω(r)). Since MR (resp. M ′R) is canonically identified with the dual of
the Lie algebra of TR (resp. T
′
R), the map κ(r) determines a moment map µTR : X −→MR up to translation
by a vector in MR. The image µTR(X ) is a convex polyhedron. The moment map µT′R : X −→ M ′R is the
composition π ◦ µTR , where π : MR ∼= R3 → M ′R ∼= R2 is the projection. The map µT′R is surjective. Let
X 1 ⊂ X be the union of 0-dimensional and 1-dimensional T-orbits in X . The toric graph is defined by
Γ := µT ′
R
(X 1) ⊂M ′R ∼= R2. It is determined by κ(r) up to translation by a vector in M ′R. The vertices (resp.
edges) of Γ are in one-to-one correspondence to 3-dimensional (resp. 2-dimensional) cones in Σ.
3.2. Aganagic-Vafa A-branes. In [5], Aganagic-Vafa introduced a class of Lagrangian submanifolds of
semi-projective smooth toric Calabi-Yau 3-folds. It is straightforward to generalize this construction to
3-dimensional Calabi-Yau smooth toric DM stacks with semi-projective coarse moduli spaces.
Let X = [µ˜−1(r)/GR] be a 3-dimensional Calabi-Yau smooth toric DM stack, where r ∈ C˜(X ) ⊂ L∨R .
µ˜−1(r) is defined by
k+3∑
i=1
l
(a)
i |Xi|2 = ra, a = 1, . . . , k.
Write Xi = ρie
√−1φi , where ρi = |Xi|. An Aganagic-Vafa brane is a Lagrangian sub-orbifold of X of the
form
L = [L˜/GR]
where
L˜ = {(X1, . . . , Xr) ∈ µ˜−1(r) :
k+3∑
i=1
lˆ1i |Xi|2 = c1,
k+3∑
i=1
lˆ2i |Xi|2 = c2,
k+3∑
i=1
φi = const}
for some lˆαi ∈ Z,
∑k+3
i=1 lˆ
α
i = 0, α = 1, 2. An Aganagic-Vafa brane intersects a unique 1-dimensional orbit
closure lτ := V(τ), τ ∈ Σ(2). Let ℓτ be the coarse moduli of lτ . We say L is an inner (resp. outer) brane if
ℓτ ∼= P1 (resp. ℓτ ∼= C).
We next describe the first homology group of an Aganagic-Vafa brane2. We pick a fixed point pσ in ℓτ , so
that (τ, σ) ∈ F (Σ). For the simplicity of notations, we always assume that I ′σ = {1, 2, 3}, and assume that
(τ1, σ) = (τ, σ), (τ2, σ) and (τ3, σ) are three flags in the toric graph in the counter-clockwise direction, such
that
I ′τ1 = {2, 3}, I ′τ2 = {3, 1}, I ′τ3 = {1, 2}.
If L is an inner brane, i.e. ℓτ = P1, then we denote σ+ = σ, and let σ− be the other 3-cone that contains
τ . One can further assume I ′σ− = {2, 3, 4}. We can always achieve such labelling by a rearrangement of
2If the GR-action on L˜ is free, then L is a smooth manifold diffeomorphic to S1 × R2, so H1(L;Z) = Z.
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b1, . . . , br. Then Xσ = [C3/Gσ]. For j = 1, 2, 3, let Gj = Gτj and let sj = r(τj , σ). Then there are short
exact sequences of finite abelian groups:
1→ Gj → Gσ χj→ µsj → 1, j = 1, 2, 3.
By the Calabi-Yau condition, for any k ∈ Gσ,
χ1(k)χ2(k)χ3(k) = 1, age(k) ∈ Z.
The dual Q-basis of b1, b2, b3 is w1,w2,w3 in MQ
w1 =
1
r
v1, w2 =
s
rm
v1 +
1
m
v2, w3 = −s+m
rm
v1 − 1
m
v2 + v3.
Note that wj = c1,T(OX (Dj))|pσ .
PSfrag replacements
D1
D3
D4
D2
L
Figure 2. An inner Aganagic-Vafa brane
There are canonical identifications
Gσ ∼= {v ∈ N : v = c1b1 + c2b2 + c3b3 ∈ NQ, 0 ≤ ci < 1},(7)
G1 ∼= {v ∈ N : v = c2b2 + c3b3 ∈ NQ, 0 ≤ ci < 1},
G2 ∼= {v ∈ N : v = c1b1 + c3b3 ∈ NQ, 0 ≤ ci < 1},
G3 ∼= {v ∈ N : v = c1b1 + c2b2 ∈ NQ, 0 ≤ ci < 1}.
Then G1 ∼= µm, and
1→ G1 → Gσ → µr → 1.
The Aganagic-Vafa brane L is the following stacky quotient
L = [L˜σ/Gσ] ⊂ Xσ = [C3/Gσ] ⊂ X .
There is a Gσ-equivariant diffeomorphism L˜σ ∼= S1 × C, where Gσ acts on S1 × C by
k · (e
√−1θ, u) = (χ1(k)e
√−1θ, χ2(k)u).
We have a commutative diagram
Gσ −−−−→ L˜σ −−−−→ Ly y y
µs1 −−−−→ S1 −−−−→ S1/µs1
where the columns are fibrations. So we have a commutative diagram
0 −−−−→ π1(L˜σ) −−−−→ π1(L) −−−−→ π0(Gσ) −−−−→ 0y y y
0 −−−−→ π1(S1) −−−−→ π1(S1/µs1) −−−−→ π0(µs1) −−−−→ 0
where the rows are short exact sequences of abelian groups. The above diagram can be rewritten as:
0 −−−−→ Z −−−−→ H1(L;Z) πσ−−−−→ Gσ −−−−→ 0
id
y πy χ1y
0 −−−−→ Z ×s1−−−−→ Z −−−−→ Zs1 −−−−→ 0
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The group homomorphism π × πσ : H1(L;Z)→ Z×Gσ is injective, and the image is
{(d0, k) ∈ Z×Gσ : exp(2π
√−1d0
s1
) = χ1(k)}.
Let Vτ = {σ ∈ Σ(3) : (τ, σ) ∈ F (Σ)}. If Vτ = {σ} (outer brane) then define
Hτ,σ = {(π(γ), πσ(γ)) : γ ∈ H1(L;Z)} ⊂ Z×Gσ
If Vτ = {σ+, σ−} (inner brane) then define
Hτ,σ+,σ− = {(π(γ), πσ+(γ), πσ−(γ)) : γ ∈ H1(L;Z)} ⊂ Z×Gσ+ ×Gσ− .
Let Σc(2) = {τ ∈ Σ(2) : |Vτ | = 2}. Then L is an inner brane iff τ ∈ Σc(2). We may identify H1(L;Z) with
Hτ,σ (resp. Hτ,σ+,σ−) if L is an outer (resp. inner) brane. The identification gives a bijection Hτ,σ+,σ− →
Hτ,σ−,σ+ , (d0, k
+, k−) 7→ (−d0, k−, k+).
3.3. Moduli spaces of stable maps to (X ,L). Stable maps to orbifolds with Lagrangian boundary
conditions and their moduli spaces have been introduced in [22, Section 2].
Let (Σ, x1, . . . , xn) be a prestable bordered orbifold Riemann surface with n interior marked points in the
sense of [22, Section 2]. Then the coarse moduli space (Σ¯, x¯1, . . . , x¯n) is a prestable bordered Riemann surface
with n interior marked points, defined in [44, Section 3.6] and [50, Section 3.2]. We define the topological
type (g, h) of Σ to be the topological type of Σ¯ (see [50, Section 3.2]).
Let (Σ, ∂Σ) be a prestable bordered orbifold Riemann surface of type (g, h), and let ∂Σ = R1 ∪ · · · ∪Rh
be union of connected component. Each connected component is a circle which contains no orbifold points.
Let u : (Σ, ∂Σ)→ (X ,L) be a (bordered) stable map in the sense of [22, Section 2]. The topological type of
u is given by the degree β′ = u∗[Σ] ∈ H2(X ,L;Z) and µ¯i = u∗[Ri] ∈ H1(L;Z). Given β′ ∈ H2(X ,L;Z) and
~µ = (µ¯1, . . . , µ¯h) ∈ H1(L;Z)h.
LetM(g,h),n(X ,L | β′, ~µ) be the moduli space of stable maps of type (g, h), degree β′, winding numbers and
twisting ~µ, with n interior marked points.
The tangent space T 1ξ and the obstruction space T 2ξ at
ξ = [u : ((Σ, x1, . . . , xn), ∂Σ)→ (X ,L)] ∈ M(g,h),n(X ,L | β′, ~µ)
fit into the following exact sequence:
0 → Aut((Σ, x1, . . . , xn), ∂Σ)→ H0(Σ, ∂Σ, u∗TX , (u|∂Σ)∗TL)→ T 1ξ
→ Def((Σ, x1, . . . , xn), ∂Σ)→ H1(Σ, ∂Σ, u∗TX , (u|∂Σ)∗TL)→ T 2ξ ,
where Aut((Σ, x1, . . . , xn), ∂Σ) (resp. Def((Σ, x1, . . . , xn), ∂Σ)) is the space of infinitesimal automorphisms
(resp. deformations) of the domain. When Σ is smooth,
Aut((Σ, x1, . . . , xn), ∂Σ) = H
0(Σ, ∂Σ, TΣ(−
n∑
j=1
xj), T ∂Σ),
Def((Σ, x1, . . . , xn), ∂Σ) = H
1(Σ, ∂Σ, TΣ(−
n∑
j=1
xj), T ∂Σ).
There are evaluation maps (at interior marked points)
evj :M(g,h),n(X ,L | β′, ~µ)→ IX , j = 1, . . . , n.
Given ~v = (v1, . . . , vn), where v1, . . . , vn ∈ Box(Σ), define
M(g,h),~v(X ,L | β′, ~µ) :=
n⋂
j=1
ev−1j (Xvj ).
Then the virtual (real) dimension of M(g,h),~v(X ,L | β′, ~µ) is
2
n∑
j=1
(1 − age(vj)).
13
where age(vj) ∈ {0, 1, 2}.
3.4. Torus action and equivariant invariants. Let T′R ∼= U(1)2 be the maximal compact subgroup of
T′ ∼= (C∗)2. Then the T′R-action on X is holomorphic and preserves L, so it acts on the moduli spaces
M(g,h),n(X ,L | β′, ~µ). Given γ1, . . . , γn ∈ H∗T′,CR(X ;Q) = H∗T′
R
,CR(X ,Q), we define
〈γ1, . . . , γn〉X ,L,T
′
R
g,β′,~µ :=
∫
[F ]vir
∏n
j=1(ev
∗
jγi)|F
eT′
R
(NvirF )
∈ QT′
R
where F ⊂ M(g,h),n(X ,L | β′, ~µ) is the T′R-fixed points set of the T′R-action on M(g,h),n(X ,L | β′, ~µ) and
QT′
R
∼= Q(w1,w2) is the fractional field of H∗T′
R
(point;Q) ∼= Q[w1,w2].
3.5. Disk factor as equivariant open GW invariants. Suppose that L is an inner brane. Let
s±1 = r(τ, σ±), p± = pσ± .
Define the line bundles
L2 = OX (D2)
∣∣
lτ
, L3 = OX (D3)|lτ .
Then the normal bundle
Nlτ/X = L2 ⊕ L3
Let ι∗T′ : H
∗(BT;Q)→ H∗(BT′;Q) be the pullback of the embedding ιT′ : T′ →֒ T. Define
v := v′1 = ι
∗
T′(v1), v
′
2 = ι
∗
T′(v2).
Let w′j = ι
∗
T′wj , then w
′
j = (c1)T′(OX (Dj))|p+ , and w′1 + w′2 + w′3 = 0 since ι∗T′(v3) = 0. Define
w
′±
1 = (c1)T′(Tp± lτ ), w
′±
j = (c1)T′(Lj|p±), j = 2, 3.
We have w′j = w
′+
j for j = 1, 2, 3 and w
′+
j − w′−j = ajv where aj = degLi ∈ Q for j = 2, 3.
Let f ∈ Z be any integer, and define f = v′2 − fv′1 ∈ Hom(T′,C∗). Denote ιf : T′f →֒ T′ to be the
embedding of the kernel T′f of f. Define
wj =
ι∗fw
′
j
ι∗f v
, w±j =
ι∗fw
′±
j
ι∗f v
.
We have
w1 = w
+
1 =
1
r
, w2 = w
+
2 =
s+ rf
rm
, w3 = w
+
3 = −
s+m+ rf
rm
.
Let L be an inner brane. Then
a2 = degL2 = w
+
2 − w−2 , a3 = degL3 = w+3 − w−3 .
We call this choice of integer f a framing of the Aganagic-Vafa brane L.
Recall that
b1 = ru1 − su2 + u3, b2 = mu2 + u3, b3 = u3,
Gσ ∼= N/Nσ = (Zu1 ⊕ Zu2 ⊕ Zu3)/(Zb1 ⊕ Zb2 ⊕ Zb3),
and G1 = Gτ is the subgroup of Gσ = N/Nσ generated by u2 and u3. We introduce the following notation.
• For any λ ∈ G1 ∼= Z/mZ, let λ¯ be the unique element in {0, 1 . . . ,m− 1} such that
λ = λ¯u2 +Nσ ∈ N/Nσ.
• Suppose that L is an outer brane and Vτ = {σ}. Given any d0 ∈ Z and λ ∈ G1, define h(d0, λ) ∈
Gσ = N/Nσ by
h(d0, λ) := d0(u1 + fu2)− λ¯u2 +Nσ ∈ N/Nσ.
There is a bijection Z× µm
∼=−→ Hσ,τ ∼= H1(L;Z) given by (d0, λ) = (d0, h(d0, λ)).
• Suppose that L is an inner brane and Vτ = {σ+, σ−}. Given any d0 ∈ Z and λ ∈ G1, define
h+(d0, λ) ∈ Gσ+ = N/Nσ+ by
h+(d0, λ) := d0(u1 + fu2)− λ¯u2 +Nσ+ ∈ N/Nσ+ .
Then there is a unique h−(d0, λ) ∈ Gσ− such that (d0, h+(d0, λ), h−(d0, λ)) ∈ Hτ,σ+,σ− . There is a
bijection Z× µm → Hτ,σ+,σ− ∼= H1(L;Z) given by (d0, λ) 7→ (d0, h+(d0, λ), h−(d0, λ)).
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The action of h+(d0, λ) (and h(d0, λ)) is given by
χ1(h
+(d0, λ)) = e
2π
√−1(d0w1), χ2(h+(d0, λ)) = e2π
√−1(d0w2− λ¯m ), χ3(h+(d0, λ)) = e2π
√−1(d0w3+ λ¯m ).
The Lagrangian L intersects lτ along a circle, which divides lτ into two orbi-disks D+ ∼= [D/Zs+1 ] and
D− ∼= [D/Zs−1 ], where D = {z ∈ C | |z| ≤ 1}, and p± is the unique T fixed point in D±. Let
b = [D+] ∈ H2(X ,L), α = [lτ ] ∈ H2(X ), α− b ∈ H2(X ,L).
Let (d0, λ) ∈ H1(L,Z), where d0 6= 0. Define
M(d0, λ) :=
{
M(0,1),1(X ,L | d0b, (d0, λ)), d0 > 0,
M(0,1),1(X ,L | −d0(α − b), (d0, λ)), d0 < 0.
virtual dimension of M(d0, λ) =
{
1− age(h+(d0, λ)), d0 > 0,
1− age(h−(d0, λ)), d0 < 0.
Define
Dd0,λ :=

〈1h+(d0,λ)〉X ,L,T
′
R
0,d0b,(d0,λ)
, d0 > 0,
〈1h−(d0,λ)〉X ,L,T
′
R
0,−d0(α−b),(d0,λ), d0 < 0.
.
Then Dd0,λ is a rational function in w
′
1,w
′
2, homogeneous of degree age(h
+(d0, λ))−1 (resp. age(h−(d0, λ))−
1) if d0 > 0 (resp. d0 < 0).
Similarly, when L is an outer brane, we define Dd0,λ ∈ Q(w1,w2), where d0 > 0 and λ ∈ G1 = µm.
The disk factor is computed in [10] when Gσ is cyclic, and in [60, Section 3.3] for general Gσ. In our
notation, the formula in [60, Section 3.3] says3
(8) Dd0,λ = (
s1w
′
1
d0
)age(h(d0,λ))−1
1
d0|G1| ·
∏⌊ d0
s1
⌋+age(h(d0,λ))−1
a=1 (
d0w
′
2
s1w′1
+ a− c2(k))
⌊d0s1 ⌋!
where ci(·) ∈ Q ∩ [0, 1) is defined in Section 2.7. Here s1 = r(τ, σ). The choice of signs in Dd0,λ will be
clarified in the next subsection by relative GW invariants.
3.6. Disk factor as equivariant relative GW invariants. In this subsection, we clarify the framing
of an Aganagic-Vafa A-brane L in a 3-dimensional Calabi-Yau orbifold. We reinterpret the disk factors as
equivariant relative Gromov-Witten invariants, which gives a canonical choice of the sign of the disk factor.
The disk factors Dd0,λ are rational functions in w
′
1,w
′
2. In order to obtain a rational number, we further
specialize to a 1-dimensional subtorus T′f of T
′ determined by the framing of the Aganagic-Vafa A-brane L.
Given a framing f of L, we degenerate lτ to a nodal curve with two irreducible components l+ and l−,
such that the stabilizer of the node p0 is Gτ . Over the coarse curves ℓτ and ℓ± of lτ and l±:
• we degenerate L2 on ℓτ to L+2 = O(w+2 ) on ℓ+ and L−2 = O(−w−2 ) on ℓ−;
• we degenerate L3 on ℓτ to L+3 = O(w+3 ) on ℓ+ and L−3 = O(−w−3 ) on ℓ−.
Hence
(c1)T′(L
±
2 )p0 =
v
′
2 − fv′1
m
= −(c1)T′(L±3 )p0 .
We compute the disk factor Dd0,λ by computing genus zero relative stable maps to (l+, p0) or (l−, p0).
LetM =M0,1(l+, (d0, λ)) be the moduli space of relative maps to (l+, p0) with the relative condition (d0, λ)
where d0 > 0 and λ ∈ G1.
Let π : U → M be the universal domain curve and let F+ : U → l+ be the evaluation map. Then we
define the obstruction bundle
V +0,1 = R
•π∗F ∗+(L
+
2 ⊕ L+3 ),
where R•π∗ is the K-theoretic push-forward.
3The disk function in [60, Section 3.3] and our disk factor are the same when h(d0, λ) 6= 0. When it is zero, the disk function
is 〈 〉X ,L... (no insertion), while the disk factor is 〈1〉
X ,L
... (one insertion of 1), so there is an additional factor of (
s1
w1
)δ0,h(d0 ,λ) in
the disk function in [60, Section 3.3].
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Figure 3. Degenerated lτ and the T
′-weights
For d0 > 0, we define
Dd0,λ = 〈1h+(d0,λ)〉X ,L,T
′
R
0,d0b,(d0,λ)
=
∫
[M0,1(l+,p0,(d0,λ))]vir
ev∗(1h+(d0,λ))eT′(V
+
0,1).
Similarly, when d0 < 0, let F− : U → l− be the evaluation map, and define
V −0,1 = R
•π∗F ∗−(L
−
2 ⊕ L−3 ).
Then
Dd0,λ = 〈1h−(d0,λ)〉X ,L,T
′
R
0,−d0(α−b),(d0,λ))
=
∫
[M0,1(l−,p0,(−d0(α−b),λ−1))]vir
ev∗(1h−(d0,λ))eT′(V
−
0,1).
Let u : (C, x, y)→ l+ be a relative stable map which represents a point in M. Suppose that u is fixed by
the torus action. Recall that ci : Gσ → [0, 1)∩Q is defined by χi(k) = exp(2π
√−1ci(k)). In the computation
below, let k± = h±(d0, λ). For j = 1, 2, 3, let ǫj = cj(k+). Then ǫ1 = 〈 d0s+1 〉. We have the following weights
chT′
(
H0(C, u∗L+1 )
)
=
⌊d0w1⌋∑
a=0
e
a
v
′
1
d0 , chT′
(
H1(C, u∗L+1 )
)
= 0,
chT′
(
H0(C, u∗L+2 ⊗Oy)
)
= δ〈d0w2−ǫ2〉,0e
v
′
2−fv′1
m , chT′
(
H1(C, u∗L+2 ⊗Oy)
)
= 0,
chT′
(
H0(C, u∗L+2 )
)
=

0∑
a=−⌊d0w2−ǫ2⌋
ew
′
2+(a−ǫ2)
v
′
1
d0 , f ≥ 0,
0, f < 0,
chT′
(
H1(C, u∗L+2 )
)
=

0, f ≥ 0,
−⌊d0w2−ǫ2⌋−1∑
a=1
ew
′
2+(a−ǫ2)
v
′
1
d0 , f < 0
chT′
(
H0(C, u∗L+3 )
)
=

0∑
a=−⌊d0w3−ǫ3⌋
ew
′
3+(a−ǫ3)
v
′
1
d0 , f < 0,
0, f ≥ 0,
chT′
(
H1(C, u∗L+3 )
)
=

0, f < 0,
−⌊d0w3−ǫ3⌋−1∑
a=1
e
w
′
3+(a−ǫ3)
v
′
1
d0 , f ≥ 0.
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and the following identities
0∑
a=−⌊w3d0−ǫ3⌋
e
w
′
3+(a−ǫ3)
v
′
1
d0 =
−⌊d0w2−ǫ2⌋−1+δ〈d0w2−ǫ2〉,0∑
a=d0w1+ǫ2+ǫ3
e
−w′2+(ǫ2−a)
v
′
1
d0
−⌊w3d0+1−ǫ3⌋∑
a=1
e
w
′
3+(a−ǫ3)
v
′
1
d0 =
d0
s
+
1
+ǫ2+ǫ3−1∑
a=−⌊d0w2−ǫ2⌋+δ〈d0w2−ǫ2〉
e
−w′2+(ǫ2−a)
v
′
1
d0
d0w1 + ǫ2 + ǫ3 = ⌊ d0
s+1
⌋+ age(k+).
The T′-equivariant Euler classes are
eT′(B
m
1 ) = 1,
eT′(B
m
2 ) = ⌊d0w1⌋!(
v
′
1
d0
)⌊d0w1⌋,
eT′(B
m
5 )
eT′(Bm4 )
= (−1)⌈d0w2−ǫ2⌉+⌊d0w1⌋+age(k+)−1
⌊d0w1⌋+age(k+)−1∏
a=1
(w′2 + (a− ǫ2)
v
′
1
d0
).
Since |Aut(f)| = d0|G1|, by localization
Dd0,λ = D(d0, k
+, k−) =
1
|Aut(f)|
eT′(B
m
1 )eT′(B
m
5 )
eT′(Bm2 )eT′(B
m
4 )
=
1
d0|G1|
∏⌊d0w1⌋+age(k+)−1
a=1 (w
′
2 + (a− ǫ2) v
′
1
d0
)
⌊d0w1⌋!( v
′
1
d0
)⌊d0w1⌋
· (−1)⌈d0w2−ǫ2⌉+⌊d0w1⌋+age(k+)−1
=(−1)⌈d0w2−ǫ2⌉+⌊d0w1⌋+age(k+)−1( v
d0
)age(k
+)−1 · 1
d0|G1|
∏⌊d0w1⌋+age(k+)−1
a=1 (
d0w2
s+1 w1
+ a− ǫ2)
⌊d0w1⌋!
=− (−1)⌊d0w3+ λ¯m ⌋( v
d0
)age(k
+)−1 · 1
d0|G1|
∏⌊d0w1⌋+age(k+)−1
a=1 (
d0w2
s+1 w1
+ a− ǫ2)
⌊d0w1⌋!
Define Dd0,λ,f = ι
∗
fDd0,λ. Hence when d0 > 0
Dd0,λ,f = −(−1)⌊d0w3+
λ¯
m
⌋(
v
d0
)age(h
+(d0,λ))−1 · 1
d0|G1|
∏⌊d0w1⌋+age(h+(d0,λ))−1
a=1 (d0w2 + a− c2(h+(d0, λ))
⌊d0w1⌋!
If d0 < 0, similar computation shows (notice λ−1 = (1− δλ¯,0)(m− λ¯) ∈ {0, . . . ,m− 1})
Dd0,λ,f =− (−1)⌊d0w
−
2 +(1− λ¯m−δλ¯,0)⌋(
v
d0
)age(h
−(d0,λ))−1 · 1−d0|G1|
∏⌊d0w−1 ⌋+age(h−(d0,λ))−1
a=1 (d0w
−
3 − c3(h−(d0, λ)) + a)
⌊d0w−1 ⌋!
.
If L is an outer brane, it is the same as d0 > 0. Define
Dd0,λ,f = −(−1)⌊d0w3+
λ¯
m
⌋(
v
d0
)age(h(d0,λ))−1 · 1
d0|G1|
∏⌊d0w1⌋+age(h(d0,λ))−1
a=1 (d0w2 + a− c2(h(d0, λ))
⌊d0w1⌋! .
3.7. Open-closed GW invariants and descendant GW invariants. For any torus fixed point pσ of X ,
where σ ∈ Σ(3), we have
H∗CR(pσ) =
⊕
k∈Gσ
Q1k, H
∗
CR,T′(pσ) =
⊕
k∈Gσ
Q[w′1,w
′
2]1k.
The inclusion ισ : pσ →֒ X induces
ισ∗ : H∗CR,T′(pσ) = H
∗
T′(Ipσ)→ H∗CR,T′(X ) = H∗T′(IX ).
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Define
φσ,k = ισ∗1k ∈ H∗CR,T′(X ), φfσ,k = ι∗fφσ,k ∈ H∗CR,T′f (X ),
where the subtorus T′f is the kernel of f = v
′
2 − fv′1. We first assume that (L, f) is an inner brane, and let
lτ be the unique 1-dimensional orbit closure which intersects L, and let Vτ = {σ+, σ−}. Let
~µ = ((µ1, λ1), . . . , (µh, λh)), k
±
j = h
±(µj , λj),
so (µj , k
+
j , k
−
j ) ∈ Hτ,σ+,σ− . Let J± = {j ∈ {1, . . . , h} : ±µj > 0}. Then there exists β ∈ H2(X ) such that
β′ = β + (
∑
j∈J+
µj)b+
∑
j∈J−
(−µj)(α − b).
Let 〈k+j 〉 be the cyclic subgroup generated by k+j , and let rj be the cardinality of 〈k+j 〉 for j ∈ J+ and rj be
the cardinality of 〈k−j 〉 for j ∈ J−.
We have
M(g,h),n(X ,L | β′, ~µ)T
′
f = {FΓ | Γ ∈ Gg,n(X ,L | β′, ~µ)}
Mg,n+h(X , β)T
′
f = {FΓˆ | Γˆ ∈ Gg,n+h(X , β)}
In the remaining part of this subsection, we use the following abbreviations:
M =Mg,n(X ,L | β′, ~µ), Mˆ =Mg,n+h(X , β),
Mj =
{
M(0,1),1(X ,L | µjb, (µj , λ)), j ∈ J+
M(0,1),1(X ,L | −µj(α− b), (µj , λ)), j ∈ J−
G = Gg,n(X ,L | β′, ~µ), Gˆ = Gg,n+h(X , β)
x = (x1, . . . , xn), y = (y1, . . . , yh).
Given u : (Σ,x, ∂Σ)→ (X ,L) which represents a point ξ ∈MT′f , we have
Σ = C ∪
h⋃
j=1
Dj,
where C is an orbicurve of genus g, x1, . . . , xn ∈ C, Dj = [{z ∈ C | |z| ≤ 1}/Zrj ], Σ and Dj intersect at
yj = BZrj . Let uj = u|Dj and uˆ = u|C . Then
(1) For j = 1, . . . , h, uj : (Dj , ∂Dj)→ (X ,L) represents a point in MT
′
f
j .
(2) uˆ : (C,x,y)→ X represents a point ξˆ ∈ MˆT′ , and uˆ(yj) = [p±, (k±j )−1] ∈ Ip± ⊂ IX if j ∈ J±.
Let xn+j = yj . Let FΓ be the connected component of MT′ associated to the decorated graph Γ ∈ G, and
let FΓˆ be the connected component of MˆT
′
f associated to the decorated graph Γˆ ∈ G. Then for any Γ ∈ G
there exists Γˆ ∈ Gˆ such that
evn+j(FΓˆ) = (p±, (k
±
j )
−1) ∈ Ip± ⊂ IX
if j ∈ J±, and FΓ can be identified with FΓˆ up to a finite morphism. More precisely,
[FΓ]
vir =
∏
j∈J+
|Gσ+ |
rj |Aut(uj)|
∏
j∈J−
|Gσ− |
rj |Aut(uj)| [FΓˆ]
vir
=
∏
j∈J+
s+1
rjµj
∏
j∈J−
s−1
−rjµj [FΓˆ]
vir.
We have
1
eT′
f
(NvirΓ )
=
eT′
f
(Bm1 )eT′f (B
m
5 )
eT′
f
(Bm2 )eT′f (B
m
4 )
,
1
eT′
f
(Nvir
Γˆ
)
=
eT′
f
(Bˆm1 )eT′f (Bˆ
m
5 )
eT′
f
(Bˆm2 )eT′f (Bˆ
m
4 )
,
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where
eT′
f
(Bm1 ) = eT′f (Bˆ
m
1 ),
eT′
f
(Bm4 ) = eT′f (Bˆ
m
4 )
∏
j∈J+
(
v
rjµj
− ψ¯j
rj
)
∏
j∈J−
(
v
rjµj
− ψ¯j
rj
)
For k = 0, 1 and j = 1, . . . , h, let
Hk(Dj) = H
k
(
Dj, ∂Dj , u
∗
jTX , (uj|∂Dj )∗TL
)
.
Then there is a long exact sequence
0→ B2 → Bˆ2 ⊕
h⊕
j=1
H0(Dj)→
⊕
j∈J+
(Tp+X )k
+
j ⊕
⊕
j∈J−
(Tp−X )k
−
j
→ B5 → Bˆ5 ⊕
h⊕
j=1
H1(Dj)→ 0,
where (Tp±X )k
±
j denote the k±j -invariant part of Tp±X . Note that
(Tp±X )k
±
j = T(p±,k±j )
IX = T(p±,k−1j )IX .
eT′
f
(H1(Dj)
m)
eT′
f
(H0(Dj)m)
= |µj ||G1|Dµj ,λj ,f
Then
〈γ1, . . . , γh〉X ,(L,f)β′,((µ1,λ1),...,(µh,λh)) :=
∫
[FΓ]vir
(∏n
i=1 ev
∗
i γi
)|FΓ
eT′
f
(NvirΓ )
=
∏
j∈J+
s+1
rjµj
∏
j∈J−
s−1
−rjµj
h∏
j=1
(|µj ||G1|Dµj ,λj ,f)
·
∫
[FΓˆ]
vir
(∏n
i=1 ev
∗
i γi
∏
j∈J+ ev
∗
n+jφσ+,(k+j )−1
∏
j∈J− ev
∗
n+jφσ−,(k−j )−1
)|FΓ∏
j∈J+(
v
rjµj
− ψ¯n+jrj )
∏
j∈J−(
v
rjµj
− ψ¯n+jrj )eT′f (NvirΓˆ )
=
h∏
j=1
D′µj ,λj ,f
·
∫
[FΓˆ]
vir
(∏n
i=1 ev
∗
i γi
∏
j∈J+ ev
∗
n+jφσ+,(k+j )−1
∏
j∈J− ev
∗
n+jφσ−,(k−j )−1
)|FΓ∏h
j=1
s+1 v
µj
(
s+1 v
µj
− ψ¯n+j)eT′,f (NvirΓˆ )
where
D′d0,λ,f =

−(−1)⌊d0w+3 + λ¯m ⌋( v
d0
)age(k
+) · s
+
1
d0
·
∏⌊d0w+1 ⌋+age(k+)−1
a=1 (d0w
+
2 + a− c2(k+))
⌊d0w+1 ⌋!
, d0 > 0,
−(−1)⌊d0w−2 +(1− λ¯m−δλ¯,0)⌋( v
d0
)age(k
−) · s
−
1
−d0 ·
∏⌊d0w−1 ⌋+age(k−)−1
a=1 (d0w
−
3 − c3(k−) + a)
⌊d0w−1 ⌋!
, d0 < 0.
Proposition 3.1 (framed inner brane). Suppose that (L, f) is a framed inner brane, and
~µ = ((µ1, λj), . . . , (µh, λh)),
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where (µj , λj) ∈ H1(L;Z). Let J± = {j ∈ {1, . . . , h} : ±µj > 0}. Then
〈γ1, . . . , γn〉X ,(L,f)g,β′,~µ =
h∏
j=1
D′µj ,λj ,f
·
∫
[Mg,n+h(X ,β)]vir
(∏n
i=1 ev
∗
i γi
∏
j∈J+ ev
∗
n+jφσ+,(h+(d0,λj))−1
∏
j∈J− ev
∗
n+jφσ−,(h−(d0,λj))−1
)∏h
j=1
v
µj
( vµj − ψ¯n+j)
where
β ∈ H2(X ), β′ = β +
( ∑
j∈J+
µj
)
b− ( ∑
j∈J−
µj
)
(α− b) ∈ H2(X ,L).
Suppose that (L, f) is a framed outer brane. Define
D′d0,λ,f = −(−1)⌊d0w3+
λ¯
m
⌋(
v
d0
)age(k) · s1
d0
·
∏⌊d0w1⌋+age(k)−1
a=1 (d0w2 + a− c2(k))
⌊d0w1⌋! .
where k = h(d0, λ).
Proposition 3.2 (framed outer brane). Suppose that (L, f) is a framed inner brane, and ~µ = ((µ1, λ1), . . . , (µh, λh)),
where (µj , λj) ∈ H1(L;Z). Then
〈γ1, . . . , γn〉X ,(L,f)g,β′,~µ =
h∏
j=1
D′µj ,λ,f ·
∫
[Mg,n+h(X ,β)]vir
(∏n
i=1 ev
∗
i γi
∏h
j=1 ev
∗
n+jφσ,(h(d0,λ))−1
)∏h
j=1
v
µj
( vµj − ψ¯n+j)
where
β ∈ H2(X ), β′ = β +
( h∑
j=1
µj
)
b.
3.8. Generating functions of open-closed GW invariants. Introduce variables {Xj | j = 1, . . . , h} and
let
τ 2 =
m∑
i=1
τiui
where u1, . . . , um form a basis of H
2
CR(X ;Q). We choose T′-equivariant lifting of τ 2 as follows: for each
ui ∈ H2CR(X ;Q), we choose the unique T′-equivariant lifting uT
′
i ∈ H2CR,T′(X ;Q) such that ι∗σuT
′
i = 0 ∈
H2CR,T′(pσ;Q), where ι
∗
σ : H
2
CR,T′(X ;Q)→ H2CR,T′(pσ;Q) is induced by the inclusion map ισ : pσ → X .
We define ξ0 := e
−π√−1/m. If L is an outer brane, define
(9)
FX ,Lg,h (τ 2, Q
b, X1, . . . , Xh) =
∑
β′,n≥0
∑
(µj ,λj)∈H1(L;Z)
〈(τ 2)n〉X ,Lg,β,(µ1,λ1),...,(µh,λh)
n!
h∏
j=1
(QbXj)
µj
· (−ξλ¯10 1λ−11 )⊗ · · · ⊗ (−ξ
λ¯h
0 1λ−1
h
).
which is a function which takes values in H∗CR(BG1;C)
⊗h, where
H∗CR(BG1;C) =
⊕
λ∈G1
C1λ.
If L is an inner brane, define
(10)
FX ,Lg,h (τ 2, Q
b, X1, . . . , Xh) =
∑
β′,n≥0
∑
(µj ,λj)∈H1(L;Z)
〈(τ 2)n〉X ,Lg,β,(µ1,λ1),...,(µh,λh)
n!
·
∏
j∈{1,...,h}
µj>0
(QbXj)
µj
∏
j∈{1,...,h}
µj<0
(Qb−αXj)µj · (−ξλ¯10 1λ−11 )⊗ · · · ⊗ (−ξ
λ¯h
0 1λ−1
h
).
which is a function which takes values in H∗CR(BG1;C)
⊗h.
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3.9. The equivariant J-function and the disk potential. Let {ui}Ni=1 be a homogeneous basis of
H∗T,CR(X ;Q), and {ui}Ni=1 be its dual basis. Define
τ =
N∑
i=1
τiui = τ 0 + τ 2 + τ>2
where
τ 0 ∈ H0T,CR(X ;C), τ 2 ∈ H2T,CR(X ;C), τ>2 ∈ H>2T,CR(X ;C).
The J-function [65, 24, 35] is a H∗T,CR(X )-valued function:
J(τ , z) := 1 +
∑
β≥0,n≥0
1
n!
N∑
i=1
〈1, τn, ui
z − ψ¯ 〉
X
0,βu
i.
Then
ι∗σJ(τ , z)|v1=fv2,v3=0 =
∑
k∈Gσ
Jfσ,k(τ , z)1k,
where
Jfσ,k(τ , z) = 1 +
∑
β≥0,n≥0
1
n!
N∑
i=1
〈1, τn, φσ,k−1
z − ψ¯ 〉
X
0,β .
As a special case of Proposition 3.2,
〈γ1, . . . , γn〉X ,(L,f)0,β+d0b,(d0,k) = D′d0,λ,f
∫
[M0,n+1(X ,β)]vir
(∏n
i=1 ev
∗
i γi ∪ ev∗n+1φ(h+(d0,λ))−1
)
v
d0
( vd0 − ψ¯n+1)
= D′d0,λ,f 〈1, γ1, . . . , γn,
φ(h+(d0,λ))−1
v
d0
− ψ¯ 〉
X
0,β ;
F
X ,(L,f)
0,1 (τ 2, Q
b, X1) =
∑
β,n≥0
∑
(d0,λ)∈H1(L;Z)
1
n!
〈(τ 2)n〉X ,(L,f)0,β+d0b,(d0,λ)(Q
bX)d0(−ξλ¯0 )1λ−1
=
∑
(d0,λ)∈H1(L;Z)
(QbX1)
d0D′d0,k,fJ
f
σ,h+(d0,λ)
(τ 2,
v
d0
)(−ξλ¯0 )1λ−1 .
Proposition 3.3. Let X = QbX1. If (L, f) is a framed outer brane, then
F
X ,(L,f)
0,1 (τ 2, X) =
∑
(d0,λ)∈H1(L;Z)
Xd0D′d0,k,fJ
f
σ,h+(d0,λ)
(τ 2,
v
d0
)(−ξλ¯0 )1λ−1
If (L, f) is a framed inner brane, then
F
X ,(L,f)
0,1 (τ 2, Q,X)
=
∑
(d0,λ)∈H1(L;Z),d0>0
Xd0D′d0,λ,fJ
f
σ+,h+(d0,λ)
(τ 2,
v
d0
)(−ξλ¯0 )1λ−1
+
∑
(d0,λ)∈H1(L;Z),d0<0
Xd0Q−d0αD′d0,λ,fJ
f
σ−,h−(d0,λ)
(τ 2,
v
d0
) · s
+
1
s−1
(−ξλ¯0 )1λ−1 .
4. Mirror symmetry for the disk amplitudes
4.1. The equivariant I-function and the equivariant mirror theorem. We choose a basis p1, . . . , pk ∈
L∨ ∩ C˜X such that
• {p1, . . . , pk} is a Q-basis of L∨Q.
• {p¯1, . . . , p¯k′} is a Q-basis of H2(X ;Q).
• pa = Da for a = k′ + 1, . . . , k.
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We define charges m
(a)
i ∈ Q by Di =
∑k
a=1m
(a)
i pa.
Let q′0, q1, . . . , qk be k formal variables, and define q
β = q
〈p1,β〉
1 · · · q〈pk,β〉k for β ∈ K. We take the equivariant
lifting p¯Ta ∈ H2T(X ;Q) of p¯a ∈ H2(X ;Q).The equivariant I-function is an H∗CR,T(X )-valued power series
defined as follows [42]:
I(q′0, q, z) = e
log q′0+
∑k′
a=1 p¯
T
a log qa
z
∑
β∈Keff
qβ
r′∏
i=1
∏∞
m=⌈〈Di,β〉⌉(D¯
T
i + (〈Di, β〉 −m)z)∏∞
m=0(D¯
T
i + (〈Di, β〉 −m)z)
·
r∏
i=r′+1
∏∞
m=⌈〈Di,β〉⌉(〈Di, β〉 −m)z∏∞
m=0(〈Di, β〉 −m)z
1v(β)
where qβ =
∏k
a=1 q
〈pa,β〉
a . Note that 〈pa, β〉 ≥ 0 for β ∈ Keff . The equivariant I-function can be rewritten as
I(q′0, q, z) = e
log q′0+
∑k′
a=1 p¯
T
a log qa
z
∑
β∈Keff
qβ
z〈ρˆ,β〉+age(v(β))
r′∏
i=1
∏∞
m=⌈〈Di,β〉⌉(
D¯Ti
z + 〈Di, β〉 −m)∏∞
m=0(
D¯Ti
z + 〈Di, β〉 −m)
·
r∏
i=r′+1
∏∞
m=⌈〈Di,β〉⌉(〈Di, β〉 −m)∏∞
m=0(〈Di, β〉 −m)
1v(β)
where ρˆ = D1 + · · ·+Dr ∈ C˜X .
Suppose that X is a Calabi-Yau orbifold, so that age(v) is an integer for any v ∈ Box(Σ). Then
H≤2CR,T(X ) = H0CR.T(X )⊕H2CR,T(X ).
Let Q = Q(u1, u2, u3) be the fractional field of H∗T(point;Q).
H0CR,T(X ;Q) = Q1,
H2CR,T(X ;Q) =
k′⊕
a=1
p¯Ta ⊕
⊕
v∈Box(Σ)
age(v)=1
Q1v.
Recall that the embedding of the stacky fixed point pσ is ισ : pσ → X . We choose the lifting p¯Ta such that
ι∗σ p¯
T
a = 0.
For i = 1, . . . , r, we will define Ωi ⊂ Keff − {0} and Ai(q) supported on Ωi. We observe that, if β ∈ Keff
and v(β) = 0 then 〈Di, β〉 ∈ Z for i = 1, . . . , r.
• For i = 1, . . . , r′, let
Ωi = {β ∈ Keff : v(β) = 0, 〈Di, β〉 < 0 and 〈Dj , β〉 ≥ 0 for j ∈ {1, . . . , r} − {i}} .
Then Ωi ⊂ {β ∈ Keff : v(β) = 0, β 6= 0}. We define
Ai(q) :=
∑
β∈Ωi
qβ
(−1)−〈Di,β〉−1(−〈Di, β〉 − 1)!∏
j∈{1,...,r}−{i}〈Dj , β〉!
.
• For i = r′ + 1, . . . , r, let
Ωi := {β ∈ Keff : v(β) = bi, 〈Dj , β〉 /∈ Z<0 for j = 1, . . . , r},
and define
Ai(q) =
∑
β∈Ωi
qβ
r∏
j=1
∏∞
m=⌈〈Dj ,β〉⌉(〈Dj , β〉 −m)∏∞
m=0(〈Dj , β〉 −m)
.
Let σ be the smallest cone containing bi. Then
bi =
∑
j∈I′σ
cj(bi)bj ,
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where cj(bi) ∈ (0, 1) and
∑
j∈I′σ cj(bi) = 1. There exists a unique D
∨
i ∈ LQ such that
〈Dj , D∨i 〉 =

1, j = i,
−cj(bi), j ∈ I ′σ,
0, j ∈ Iσ − {i}.
Then
Ai(q) = q
D∨i + higher order terms
I(q′0, q, z) = 1 +
1
z
(log q′01+
k′∑
a=1
log(qa)p¯
T
a +
r′∑
i=1
Ai(q)D¯
T
i +
r∑
i=r′+1
Ai(q)1bi) + o(z
−1).
For i = 1, . . . , r′,
D¯Ti =
k′∑
a=1
m
(a)
i p¯
T
a + λi
where λi ∈ H2(BT;Q). Let Sa(q) :=
∑r′
i=1m
(a)
i Ai(q). Then
I(q′0, q, z) = 1 +
1
z
((log q′0 +
r′∑
i=1
λiAi(q))1+
k′∑
a=1
(log(qa) + Sa(q))p¯
T
a +
r∑
i=r′+1
Ai(q)1bi) + o(z
−1).
Recall that the equivariant small J-function for X is
J(τ , z) = 1 +
∑
β≥0,n≥0
N∑
i=1
1
n!
〈1, τn, ui
z − ψ¯ 〉
X
0,βu
i,
where {ui}Ni=1 is an H∗(BT)-basis of H∗T(X ;Q) and {ui}Ni=1 is the dual basis. Assume u0 = 1, ua = p¯Ta
for a = 1, . . . , k′ and ua = 1ba+3 for a = k
′ + 1, . . . , k. The mirror theorem for toric orbifolds [25] implies
following theorem.
Theorem 4.1 (Coates-Corti-Iritani-Tseng [25]). If the toric orbifold X satisfies Assumption 2.2, then
e
τ0(q
′
0 ,q)
z J(τ 2(q), z) = I(q
′
0, q, z),
where the equivariant closed mirror map (q′0, q) 7→ τ0(q′0, q)1 + τ 2(q) is determined by the first-order term in
the asymptotic expansion of the I-function
I(q′0, q, z) = 1 +
τ0(q
′
0, q)1 + τ 2(q)
z
+ o(z−1).
More explicitly, the equivariant closed mirror map is given by
τ0 = log(q
′
0) +
r′∑
i=1
λiAi(q),
τa =
{
log(qa) + Sa(q), 1 ≤ a ≤ k′,
Aa−3(q), k′ + 1 ≤ a ≤ k.
.(11)
4.2. The pullback of the disk potential under the mirror map. By Proposition 3.3, if (L, f) is a
framed outer brane, then
F
X ,(L,f)
0,1 (τ 2, Q,X) =
∑
(d0,λ)∈H1(L;Z)
Xd0D′d0,λ,fJ
f
σ,h(d0,λ)
(τ 2,
v
d0
)(−ξλ¯0 )1λ−1 .
Let FX ,(L,f)(q,X) be the pullback of FX ,(L,f)0,1 (τ 2, Q,X) under the closed mirror map.
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By Proposition 3.3, if (L, f) is a framed inner brane, then
F
X ,(L,f)
0,1 (τ 2, Q,X)
=
∑
(d0,λ)∈H1(L;Z),d0>0
Xd0D′d0,λ,fJ
f
σ+,h+(d0,λ)
(τ 2,
v
d0
)(−ξλ¯0 )1λ−1
+
∑
(d0,k+,k−)∈Hτ,σ+,σ− ,d0<0
Xd0Q−d0αD′d0,λ,fJ
f
σ−,h−(d0,λ)
(τ 2,
v
d0
) · s
+
1
s−1
(−ξλ¯0 )1λ−1 .
Given σ ∈ Σ(3), k ∈ Gσ, and f ∈ Z, define Ifσ,k(q, z) by
ι∗σI(q, z)|v2=fv1,v3=0 =
∑
k∈Gσ
Ifσ,k(q, z)1k.
Since a toric Calabi-Yau orbifold satisfies the weak Fano condition, by the equivariant mirror theorem (
Theorem 4.1), we may write FX ,(L,f)(q,X) in terms of Ifσ,k(q, z) in case of an outer brane, and in terms of
Ifσ+,k+(q, z) and I
f
σ−,k−(q, z) in case of an inner brane.
Lemma 4.2. If (L, f) is a framed outer brane, then
(12) F
X ,(L,f)
0,1 (q,X) =
∑
(d0,λ)∈H1(L;Z)
Xd0D′d0,λ,fe
−d0τ0(q)
v Ifσ,h(d0,λ)(q,
v
d0
)(−ξλ¯0 )1λ−1 .
If (L, f) is a framed inner brane, then
F
X ,(L,f+,f−)
0,1 (q,X)
=
∑
(d0,λ)∈H1(L;Z),d0>0
Xd0D′d0,λ,fe
−d0τ0(q)
v Ifσ+,h+(d0,λ)(q,
v
d0
)(−ξλ¯0 )1λ−1
+
∑
(d0,λ)∈H1(L;Z),d0<0
Xd0Q−d0αD′d0,λ,fe
−d0τ0(q)
v Ifσ−,h−(d0,λ)(q,
v
d0
) · s
+
1
s−1
(−ξλ¯0 )1λ−1 .
Let (L, f) be a framed brane, and let τ , σ = σ+, σ− be defined as in Section 3.2. Recall that
I ′σ = {i ∈ {1, . . . , r′} : ρi ⊂ σ} = {1, 2, 3}, Iσ = {1, . . . , r} \ I ′σ ,
I ′τ = {i ∈ {1, . . . , r′} : ρi ⊂ τ} = {2, 3}, Iτ = {1, . . . , r} \ I ′τ ,
Keff,σ = {β ∈ LQ : 〈Di, β〉 ∈ Z≥0 for i ∈ Iσ}.
In case that L is inner,
I ′σ− = {2, 3, 4}, Iσ− = {1, . . . , r}\I ′σ−
Keff,σ− = {β ∈ LQ : 〈Di, β〉 ∈ Z≥0 for i ∈ Iσ−}.
Let bσ,i = ι
∗
σD¯
T
i ∈ H2T(pσ;Q) = H2(BT;Q) for 1 ≤ i ≤ r, and then bi = 0 for r′ + 1 ≤ i ≤ r. For β ∈ Keff,σ,
define an H∗(BT;Q)-valued
(13) I(σ, β) :=
r∏
i=1
∏∞
m=⌈〈Di,β〉⌉(bσ,i + (〈Di, β〉 −m) v1d0 )∏∞
m=0(bσ,i + (〈Di, β〉 −m) v1d0 )
Recall that ι∗σ p¯
T
a = 0, so
ι∗σI(q, z)|z= v1
d0
=
∑
β∈Keff,σ
e
d0
v1
log q′0qβI(σ, β)1v(β).
With the above notation, if L is an outer brane we can rewrite FX ,(L,f)0,1 (q,X) as
F
X ,(L,f)
0,1 (q,X) =
∑
(d0,λ)∈H1(L;Z)
∑
β∈Keff,σ ,v(β)=h(d0,λ)
xd0qβD′d0,λ,fI
f (σ, β)(−ξλ¯0 )1λ−1
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where If (σ, β) = I(σ, β)|v2=fv1,v3=0, and
x = X exp
( log q′0 − τ0(q)
v1
)
is the B-brane moduli parameter.
Following [46, 54], we define extended charge vectors
{m(a)i }a=0,...,ki=1,...,r =
(
w1 w2 w3 0 . . .
{m(a)i }a=1,...,ki=1,...,r
)
,
such that m
(0)
i = wi for i = 1, 2, 3 and m
(0)
i = 0 for i = 4, . . . , r. Recall that
τ0 +
k′∑
a=1
τap¯
T
a +
k∑
a=k′+1
τa1ba+3 = log q
′
0 +
k′∑
a=1
log qap¯
T
a +
r′∑
i=1
Ai(q)D¯Ti +
r∑
i=r′+1
Ai(q)1bi .
We pull back the above identity under ι∗σ. Since
ι∗σ p¯
T
a = 0, ι
∗
σDTi
∣∣∣
v2=fv1,v3=0
= m
(0)
i v,
we get
τ0(q
′
0, q) = log q
′
0 +
r′∑
i=1
m
(0)
i Ai(q)v.
So the open mirror map is given by
(14) logX = log x+
r′∑
i=1
m
(0)
i Ai(q).
If L is inner, we further set Q = q. Denote the pullback of the disk potential WX ,(L,f)(q, x) to be the
pullback of F
X ,(L,f)
0,1 (q,X) under this open mirror map. Then by Lemma 4.2
(15) WX ,(L,f)(q, x) =

∑
d0>0,β∈Keff,σ
v(β)=h(d0,λ)
xd0qβD′d0,λ,fI
f (σ, β)(−ξλ¯0 )1λ−1 , L is outer,
∑
d0>0,β∈Keff,σ+
v(β)=h+(d0,λ)
xd0qβD′d0,λ,fI
f (σ+, β)(−ξλ¯0 )1λ−1
+
s+1
s−1
∑
d0<0,β∈Keff,σ−
v(β)=h−(d0,λ)
xd0qβ−d0αD′d0,λ,fI
f (σ−, β)(−ξλ¯0 )1λ−1 , L is inner.
Given β˜ = (d0, β) ∈ Z×Kσ, define the extended or open sector pairing to be
〈Di, β˜〉 = m(0)i d0 + 〈Di, β〉.
Recall that {Di : i ∈ Iσ} is a Q-basis of L∨Q ∼= Qk and a Z-basis of K∨σ ∼= Zk. Let va = Da+3 for
a = 1, . . . , k., and let {ha}a=1,...,k be the dual Q-basis of LQ. Then {ha}a=1,...,k is a Z-basis of Kσ ∼= Zk, and
Keff,σ =
k∑
a=0
Z≥0ha.
Given any (d0, β) ∈ Z×Kσ, define
qβ˜ = xd0qβ = xd0
k∏
a=1
q〈pa,β〉a .
Define
Keff(X ,L) = {β˜ = (d0, β) ∈ Z×Keff,σ : 〈D1, β˜〉 ∈ Z≥0, d0 6= 0}.
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Theorem 4.3. Assuming the Aganagic-Vafa brane (L, f) is either inner or outer,
WX ,(L,f)(q, x) =
∑
β˜∈Keff (X ,L)
v(β)=h(d0,λ)
qβ˜A
X ,(L,f)
β˜
ξλ¯0 1λ−1 .(16)
where
A
X ,(L,f)
β˜=(d0,β)
=
(−1)⌊〈D3,β˜〉⌋
d0
s1
∏
i∈Iτ 〈Di, β˜〉!
· Γ(−〈D3, β˜〉)
Γ(〈D2, β˜〉+ 1)
.
Proof. Assume L is an outer brane. Let β˜ = (d0, β), and let ǫj = cj(v) for j = 1, 2, 3. By (15),
WX ,(L,f)(q, x) =
∑
d0>0
β∈Keff,σ
v(β)=h(d0,λ)
xd0qβD′d0,λ,fI
f (σ, β)(−ξλ¯0 )1λ−1 .
Given any β ∈ Keff,σ, we have ⌈〈Dj , β〉⌉ − ǫj = 〈Dj , β〉 for j = 1, 2, 3, and ⌈〈Di, β〉⌉ = 〈Di, β〉 for i ∈ Iσ.
The disk factors
D′d0,λ,f = −(−1)⌊d0w3+
λ¯
m
⌋ s1
d0
(
v
d0
)age(h(d0,λ)) ∏⌊d0w1⌋+age(h(d0,λ))−1
a=1 (d0w2 + a− ǫ2)
⌊d0w1⌋!
= −(−1)⌊d0w3+ λ¯m ⌋ s1
d0
(
v
d0
)age(h(d0,λ)) 1
Γ(w1d0 − ǫ1 + 1) ·
Γ(−w3d0 + ǫ3)
Γ(w2d0 − ǫ2 + 1)
The pullback of the coefficients of the I-function is
If (σ, β) = (
v
d0
)−age(h(d0,λ))
1∏
i∈Iσ Γ(〈Di, β〉+ 1)
· Γ(w1d0 − ǫ1 + 1)
Γ(〈D1, β˜〉+ 1)
· Γ(w2d0 − ǫ2 + 1)
Γ(〈D2, β˜〉+ 1)
· Γ(w3d0 − ǫ3 + 1)
Γ(〈D3, β˜〉+ 1)
.
Hence
WX ,(L,f)(q, x) =
∑
β˜∈Keff (X ,L)
v(β)=h(d0,λ)
xd0qβA
X ,(L,f)
(d0,β)
ξλ¯01λ−1
where
A
X ,(L,f)
β˜
= (−1)⌊〈D3,β˜〉⌋ s1
d0
1∏
i∈Iτ Γ(〈Di, β˜〉+ 1)
· Γ(−〈D3, β˜〉)
Γ(〈D2, β˜〉+ 1)
.
Note that Keff(X ,L) ⊂ Z>0 ×Keff,σ, and for any (d0, β) ∈ (Z>0 ×Keff,σ)\Keff(X ,L), AX ,(L,f)(d0,β) = 0.
In case that L is inner, by (15)
WX ,(L,f)(q, x) = I+ + I−,
where
I+ =
∑
d0>0,β∈Keff,σ+
v(β)=h+(d0,λ)
xd0qβ
s+1
d0
(−1)⌊w+3 d0+〈D3,β〉⌋∏
i∈I
σ+
Γ(〈Di, β〉+ 1) ·
Γ(−w+3 d0 − 〈D3, β〉)
Γ(w+2 d0 + 〈D2, β〉+ 1)Γ(w+1 d0 + 〈D1, β〉+ 1)
ξλ¯0 1λ−1 ,
I− =
∑
d0<0,β∈Keff,σ−
v(β)=h−(d0,λ)
xd0qβ−d0α
s+1
d0
(−1)⌊w−2 d0+〈D2,β〉⌋∏
i∈I
σ−
Γ(〈Di, β〉+ 1) ·
Γ(−w−2 d0 − 〈D2, β〉)
Γ(w−3 d0 + 〈D3, β〉+ 1)Γ(w−1 d0 + 〈D4, β〉+ 1)
ξλ¯0 1λ−1
=
∑
β∈Keff,σ−
〈β,D4〉+w−1 d0∈Z≥0
d0<0,v(β)=h
−(d0,λ)
xd0qβ−d0α
s+1
d0
(−1)⌊w−2 d0+〈D2,β〉⌋∏
i∈I
σ−
Γ(〈Di, β〉+ 1) ·
Γ(−w−2 d0 − 〈D2, β〉)
Γ(w−3 d0 + 〈D3, β〉+ 1)Γ(w−1 d0 + 〈D4, β〉+ 1)
ξλ¯01λ−1 .
We have
〈D1, α〉 = w+1 , 〈D2, α〉 = w+2 − w−2 , 〈D3, α〉 = w+3 − w−3 , 〈D4, α〉 = −w−1 ,
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and 〈Di, α〉 = 0 for i ∈ I\{1, 2, 3, 4}. So for β ∈ Keff,σ− ,
〈D1, β〉 = 〈D1, β − d0α〉+ d0w+1 ,
w−2 d0 + 〈D2, β〉 = w+2 d0 + 〈D2, β − d0α〉,
w−3 d0 + 〈D3, β〉 = w+3 d0 + 〈D3, β − d0α〉,
d0w
−
1 + 〈D4, β〉 = 〈D4, β − d0α〉.
Since the conditions 〈β,D4〉+ w−1 d0 ∈ Z≥0 and β ∈ Keff,σ− implies (d0, β − d0α) ∈ Keff(X ,L),
I− =
∑
(d0,β−d0α)∈Keff (X ,L)
d0<0
xd0qβ−d0α
s+1
d0
(−1)⌊w+2 d0+〈D2,β−d0α〉⌋∏
i∈I
σ+
Γ(〈Di, β − d0α〉+ 1)
· Γ(−w
+
2 d0 − 〈D2, β − d0α〉)
Γ(w+3 d0 + 〈D3, β − d0α〉+ 1)Γ(w+1 d0 + 〈D1, β − d0α〉 + 1)
ξλ¯0 1λ−1 .
So
I+ + I− =
∑
β˜∈Keff (X ,L)
v(β)=h+(d0,λ)
xd0qβ
s+1
d0
(−1)⌊〈D3,β˜〉⌋∏
i∈I
σ+
Γ(〈Di, β˜〉+ 1)
· Γ(−〈D3, β˜〉)
Γ(〈D2, β˜〉+ 1)Γ(〈D1, β˜〉+ 1)
ξλ¯0 1λ−1 .

Remark 4.4. When L is an outer brane, the condition β˜ = (d0, β) ∈ K(X ,L) implies d0 > 0. One has
k∑
a=1
〈Da+3, β〉ba+3 = −
3∑
i=1
〈Di, β〉bi.
Since 〈Da+3, β〉 ≥ 0, the fan Σ is convex, and this is an outer brane, every 1-cone bi is on the same side of
the plane spanned by b2, b3. Therefore, 〈β,D1〉 ≤ 0. From w1d0 + 〈D1, β〉 ∈ Z≥0 we see that d0 > 0.
4.3. The B-model and the framed mirror curve. The mirror B-model to the toric Calabi-Yau threefold
X is another non-compact Calabi-Yau hypersurface Y ⊂ C2 × (C∗)2, constructed as the Hori-Vafa mirror
[40]. It is equivalent to an affine mirror curve Cq ⊂ (C∗)2. We state the relevant mirror prediction for disk
amplitudes from [5, 4].
4.3.1. Toric degeneration. The main reference of this subsection is [56, Section 3].
The set
Θ0 =
⋂
I∈A
∑
i∈I
Q≥0Di ⊂ L∨Q
is a top dimensional convex cone in L∨Q ∼= Qk. The cone Θ0 together with its faces is a fan in L∨R denoted by
Θ. This fan determines a k-dimensional affine toric variety XΘ.
Consider the exact sequence induced from (3) (notice Ntor = 0)
0 −→M ′ φ
′∨
−→ M˜ ′ ψ
′∨
−→ L∨ −→ 0
where M ′ = M/〈v3〉 and M˜ ′ = M˜/〈φ∨(v3)〉. Let D′Ti be the image of DTi when passing to M˜ ′. For any
proper subset I ⊂ {1, . . . , r} and a cone υ ∈ Θ, define
Ξ˜I =
∑
i∈I
Q≥0D′Ti , Θ˜I,υ = (ψ
′∨)−1(υ) ∩ Ξ˜I .
Define a fan
Θ˜ = {Θ˜I,υ|I ( {1, . . . , r}, υ ∈ Θ} ⊔ {0}.
This fan determines a toric variety XΘ˜. There is a fan morphism ρ
′ : Θ˜→ Θ, which induces a flat family of
toric surfaces ρ : XΘ˜ → XΘ.
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Let Θ′0 ⊂ L∨Q be the cone spanned by p1, . . . , pk. Let L′∨ :=
⊕k
a=1 Zpa and let L
′ be the dual lattice.
Then L′∨ is a sublattice of L∨ of finite index, and L is a sublattice of L′ of finite index. Let Θ∨0 and Θ
′∨
0 be
the dual cones of Θ0 and Θ
′
0, respectively. We have inclusions
Θ′0 ⊂ Θ0, Θ∨0 ⊂ Θ′∨0 .
Since that Θ∨0 ∩ L is a subset of Θ′∨0 ∩ L′, we have an injective ring homomorphism
C[Θ∨0 ∩ L]→ C[Θ′∨0 ∩ L′] = C[q1, . . . , qk]
where q1, . . . , qk are the variables in Section 4.1. Taking the spectrum, we obtain a morphism
Ak = Spec (C[q1, . . . , qk]) −→ XΘ = Spec (C[Θ∨0 ∩ L]) .
and a cartesian diagram
(17)
X
ν˜−−−−→ XΘ˜
ρ˜
y ρy
Ak
ν−−−−→ XΘ
where ρ˜ : X→ Ak is a flat family of toric surfaces.
We choose a Ka¨hler class [ω(η)] ∈ H2(XΣ;Z) associated to a lattice point η ∈ L∨; [ω(η)] is the first Chern
class of some ample line bundle over XΣ. Then it determines a toric graph Γ ∈ M ′R ∼= R2 up to translation
by an element in M ′ ∼= Z2 (see Section 3.1). The toric graph gives a polyhedral decomposition of MQ in the
sense of [56, Section 3]. It is a covering P of MQ by strongly convex lattice polyhedra. The asymptotic fan
of P is defined to be
ΣP := { lim
a→0
aΞ ⊂M ′Q : Ξ ∈ P}.
The fan ΣP = Θ˜ ∩ ρ′−1(0) defines a toric surface S, which is the same as the toric surface given by the
defining polytope ∆. For each Π ∈ P , let C(Π) ⊂ M ′Q × Q≥0 be the closure of the cone over Ξ × {1} in
M ′Q ×Q. Then
Σ˜P := {σ is a face of C(Π) : Π ∈ P} = Θ˜ ∩ ρ′−1(Q≥0η)
is a fan in M ′Q × Q with support |Σ˜P | = M ′Q × Q≥0. The projection π′ : M ′Q × Q→ Q to the second factor
defines a map from the fan Σ˜P to the fan {0,Q≥0}. This map of fans determines a flat toric morphism
π : XΣ˜P → A1, where XΣ˜P is the toric 3-fold defined by the fan Σ˜P . Let t be a closed point in A1, and let
Xt denote the fiber of π over t. Then Xt ∼= S for t 6= 0. As shown in [56], when t = 0, we have a union of
irreducible components, where each Sυ is the toric surface defined by the polytope ∆υ (recall each 3-cone is
a cone over a triangle ∆υ ⊂ ∆ in NR)
X0 =
⋃
υ∈Σ(3)
Sυ.
If υ′ ∈ Σ(2), υ ∈ Σ(3) and υ′ ⊂ υ, υ′ corresponds to a torus invariant divisor Dυ′ ⊂ Sυ. We have the
following commutative diagram
(18)
X0 XΣ˜P X XΘ˜
{0} A1 Ak XΘ.
π
ν˜
ρ˜ ρ
ν
The polytope Hull(b˜1, . . . , b˜r) ⊂ N˜ lies on the hyperplane 〈φ∨(v3), •〉 = 1. It determines a polytope on
N˜ ′ = {〈φ∨(v3), •〉 = 0} up to a translation. The associated line bundle L on XΘ˜ has sections ui, i = 1, . . . , r
associated to each integer point in this polytope. Define
u =
r∑
i=1
ui, C˜ = u
−1(0).
The divisor C˜ ⊂ XΘ˜. Let C := ν˜−1(C˜) ⊂ X be the pullback divisor under the morphism ν˜ : X → XΘ˜.
Then C→ Ak is a flat family of curves over Ak.
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For q 6= 0, Cq = ρ˜−1(q) ∩ C can be identified with the zero locus of
(19) Hq(x, y) =
k∑
a=1
sa−3(q)xmayna−fma ,
where s−2 = s−1 = s0 = 1, xry−s−rf = u1u−13 , y
m = u2u
−1
3 while ami,ni(q)x
miyni = uiu
−1
3 . Here x, y are
affine coordinates of the toric surface S.
For any β ∈ Keff(X ,L), let sβ =
∏k
a=1 s
〈Da+3,β〉
a . If we write pa =
∑k
b=1 p
b
aDb+3, we have
(20) sa =
k∏
a=1
q
pab
b , s
β = qβ .
Denote sβ˜ = xd0sβ for β˜ = 〈d0, β〉.
When q = 0, we have a union of irreducible components
C0 =
⋃
υ∈Σ(3)
C¯0,υ.
At the central fiber, each Sυ is given by the equation {ui = 0, bi /∈ υ}. On Sσ+ , the coordinates in the affine
chart u3 6= 0 are
xry−s−rf = u1u−13 , y
m = u2u
−1
3 ,
while on Sσ− , the coordinates are
u4u
−1
3 = (q
αx−1)s
−
yn4+s
−f , u2u
−1
3 = y
m.
Here b4 = m4u1 + n4u2 + u3, m4 = −s− and α = [pτ ]. Define
U ={(q1, . . . , qk) ∈ (C∗)k × Ck−k
′
: Cq is smooth
and intersects ∂S transversally at distinct points}.
Then U is a dense open subset of Ak.
4.3.2. Mirror curve and the mirror conjecture for disk amplitudes. When q 6= 0, we denote Cq = Cq \ (∂S).
Thus the mirror curve Cq ⊂ (C∗)2 is given by Equation (19). On C¯0,υ, when x = 0, there are m points,
called large radius limit (LRL) points. They are given by
x = 0, ym = −1.
If L is outer, these points are smooth points in C¯0,σ ⊂ C0; if L is inner, they are the nodal points C¯0,σ+∩C¯0,σ− .
The group G∗σ = {(t1, t2) ∈ (C∗)2|tr1 = ts2, tm2 = 1} fits into the short exact sequence
1→ µ∗r → G∗σ → µ∗m → 1,
where G∗σ → µ∗m is given by (t1, t2) 7→ t2. Let
χ1 = (e
2π
√−1 1
r , 1), χ2 = (e
2π
√−1 s
rm , e2π
√−1 1
m ).
Then G∗σ = {χj1χl2|j ∈ {0, . . . , r − 1}, l ∈ {0, . . . ,m− 1}}. It pairs with Gσ by
χ1(h) = e
2π
√−1c1(h), χ2(h) = e2π
√−1c2(h), h ∈ G;
and acts on the family of compactified mirror curves C¯ by
χ1 · (x, y, sa) = (e2π
√−1 1
r x, y, e−2π
√−1cσ1 (ba+3)sa),
χ2 · (x, y, sa) = (e2π
√−1 s+rf
rm x, e2π
√−1 1
m y, e−2π
√−1cσ2 (ba+3)sa).
Here cσi (ba+3) is defined as ha+3 =
∑3
i=1 c
σ
i (ba+3)bi. The group µ
∗
m acts freely and transitively on the set of
LRL points (x = 0 on C¯0,σ+).
Given η¯ ∈ {0, 1, . . . ,m− 1}, let η ∈ G∗1 be the element associated to the character
χη : G1 → C∗, χη(λ) = exp(2π
√−1
m
η¯λ¯).
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Then η¯ 7→ η is a bijection from {0, 1, . . . ,m− 1} to G∗1. Given η ∈ G∗1, define uη ∈ C0 by
uη = (0, e
π
√−1(−1+2η¯)/m).
For a small ǫ, one can always find small ǫ′(ǫ) < ǫ such that when ‖q‖ < ǫ′(ǫ) the following set
U ǫ,ǫ
′
=
{
{(x, q), |x| < ǫ, U}, L is outer;
{(x, q), |x| < ǫ, |qαx−1| < ǫ whenever ‖q‖ < ǫ′}, L is inner;
is not empty. Let U ǫ = U ǫ,ǫ
′(ǫ) × {‖q‖ < ǫ′(ǫ), q ∈ U} ⊂ C. When ǫ is sufficiently small, U ǫ,ǫ′(ǫ) is a disjoint
union of m small contractible regions when L is outer, or is a disjoint union of m annuli when L is inner.
Let U ǫη be the unique connected component of U
ǫ containing uη. So log y is well defined on U
ǫ
η up to an
integral multiple of 2π
√−1, and it could be written as a power series in x when L is outer, and a Laurent
series in x when L is inner.
Define
φη :=
1
m
∑
λ∈G1
χη(λ
−1)1λ.
Then {φη : η ∈ G∗1} is the canonical basis of H∗CR(Bµm), and
1λ =
∑
η∈µ∗m
χη(λ)φη .
The mirror conjecture for disk amplitudes, proposed in [5, 4], is the following. Note that the ambiguity in
log y does not play any role in the statement.
Theorem 4.5 (Aganagic-Vafa, Aganagic-Klemm-Vafa).
x
∂
∂x
∑
η∈µ∗m
(log y|Uǫη)φη = |Gσ|
(
x
∂
∂x
)2
WX ,(L,f)(q, x) = |Gσ|
(
x
∂
∂x
)2
F
X ,(L,f)
0,1 (τ 2, X).
Here s and q are related by (20). The A-model flat coordinates τ 2, X and the B-model coordinates q, x are
related by the mirror maps (11) and (14).
Remark 4.6. This conjecture can also be written as∫ ∑
η∈µ∗m
(log y
dx
x
|Uǫη )φη“ = ”|Gσ|WX ,(L,f)(q, x),
where the integral is indefinite and “ = ” means their instanton parts are equal in the following sense. The
left side is the sum of a power series with no constant term in x and an extra term in the form of f(q) log x+c.
The power series part is equal to the right side. Note that the constant ambiguity in the indefinite integral
is irrelevant here. If X is a smooth variety, then µ∗m is trivial, and we revert to the original form of the
conjecture in [5, 4]. We will prove this conjecture in the next subsection.
4.4. Open mirror theorem for disk amplitudes.
Lemma 4.7. The solution v to the exponential polynomial equation
(21)
k∑
a=0
tae
rav − ev + 1 = 0,
around t0 = · · · = tk = 0, v = 0 is in the following power series form
v =
∞∑
l0,...,lk=0
(l0,...,lk) 6=0
(r0l0 + . . . rklk − 1)(l0+···+lk−1)
l0! . . . lk!
tl00 . . . t
lk
k .(22)
Here we adopt the Pochhammer symbol
(a)n =
Γ(a+ 1)
Γ(a− n+ 1) =

a(a− 1) · · · (a− n+ 1), n > 0;
1, n = 0;
1
(a+1)...(a−n) , n < 0;
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where a ∈ C and n ∈ Z.
Proof. See Appendix A. 
Starting from the above simple observation, we prove Theorem 4.5 in this section. In order to find the
expansion of log y on U ǫη, we assume
log y = log ξ0 +
2π
√−1
m
η¯ +
v(q, x)
m
=
π
√−1
m
(−1 + 2η¯) + v(q, x)
m
where v is a power series in q and x. Setting
ξη¯ = e
2π
√−1
m
η¯, t0 = x
r(ξ0ξη¯)
−s−rf , r0 = −w2r,
ta = sax
ma(ξ0ξη¯)
na−fma , ra =
na − fma
m
,
the mirror curve is
H(x, y) =
k∑
a=0
tae
rav − ev + 1 = 0.
Let Deff(X ,L) = {β˜ = (d0, β) ∈ Z× L|〈β˜, Di〉 ∈ Z≥0, i 6= 2, 3}. So Keff(X ,L) ⊂ Deff(X ,L). By Lemma 4.7,
v =
∞∑
l0,...,lk=0
(l0,...,lk) 6=0
(r0l0 + . . . rklk − 1)(l0+···+lk−1)
l0! . . . lk!
k∏
a=0
tlaa .
=
∑
β˜∈Deff (X ,L)
(ξ0ξη¯)
−m〈D2,β˜〉 (−〈D2, β˜〉 − 1)(−〈D2,β˜〉−〈D3,β˜〉−1)∏
i∈Iτ 〈Di, β˜〉!
xd0
k∏
a=1
s〈Da+3,β˜〉a
=
∑
β˜∈Deff (X ,L)
(ξ0)
−m〈D3,β˜〉(ξη¯)−m〈D2,β˜〉
(−〈D3, β˜〉 − 1)(−〈D2,β˜〉−〈D3,β˜〉−1)∏
i∈Iτ 〈Di, β˜〉!
xd0qβ.
Suppose that L is an outer brane. For any β˜ = (d0, β) ∈ Deff(X ,L), we have
d0(u1 + fu2)− v(β) +Nσ ∈ G1 ⊂ Gσ = N/Nσ.
Let λ = d0(u1 + fu2) − v(β) + Nσ ∈ G1. Then h(d0, λ) = v(β) ∈ Gσ. If L is an inner brane, we replace σ
by σ+ in the above discussion and define λ ∈ G1 similarly. Then
〈D2, β˜〉 ∈ λ¯
m
+ Z, 〈D3, β˜〉 ∈ − λ¯
m
+ Z.
So
ξ
−〈D2,β˜〉
η¯ = exp(−
2π
√−1
m
η¯λ¯) = χη(λ
−1)
It follows that
x
∂
∂x
∑
η∈µ∗m
(log y)Uǫηφη =
∑
β˜∈Keff (X ,L)
h(d0,λ)=v(β)
(ξ0)
−m〈D3,β˜〉
d0(−〈D3, β˜〉 − 1)(−〈D2,β˜〉−〈D3,β˜〉−1)
m
∏
i∈Iτ 〈Di, β˜〉!
∑
η∈µ∗m
χη(λ
−1)φηxd0qβ
=
∑
β˜∈Keff (X ,L)
h(d0,λ)=v(β)
(ξ0)
−m⌊〈D3,β˜〉⌋
d0(−〈D3, β˜〉 − 1)(−〈D2,β˜〉−〈D3,β˜〉−1)
m
∏
i∈Iτ 〈Di, β˜〉!
∑
η∈µ∗m
(ξ0)
λ¯χη(λ
−1)φηxd0qβ
=
∑
β˜∈Keff (X ,L)
h(d0,λ)=v(β)
(−1)⌊〈D3,β˜〉⌋ d0Γ(−〈D3, β˜〉)
mΓ(〈D2, β˜〉+ 1)
∏
i∈Iτ Γ(〈Di, β˜〉+ 1)
xd0qβξλ¯01λ−1 .
31
On the other hand,(
x
∂
∂x
)2
WX ,(L,f)(x, q)
=
∑
β˜∈Keff (X ,L)
h(d0,λ)=v(β)
(−1)⌊〈D3,β˜〉⌋ d0rΓ(−〈D3, β˜〉)
Γ(〈D2, β˜〉+ 1)
∏
i∈Iτ Γ(〈Di, β˜〉+ 1)
xd0qβξλ¯0 1λ−1 .
Thus Theorem 4.5 follows.
Appendix A. Proof of Lemma 4.7
In this appendix, we obtain a power series solution to the following exponential polynomial where ra ∈ R
(23) 1− ev +
k∑
a=1
tae
rav = 0
around t1 = · · · = tk = 0 by oscillatory integral and inverse Laplace transform. Note that the notation here
is slightly different from that in Lemma 4.7: the sum in the above Equation (23) starts from a = 1, whereas
the sum in Equation (21) in Lemma 4.7 starts from a = 0.
We also consider the following equation where f, ra ∈ Z>0
(24) L(X,Y ) = 1 +XY −f + Y +
k∑
a=1
saY
ra = 0.
Let X = e−x and Y = e−y. This equation identifies with Equation (23) after setting X = 0 and a change of
variables v =
√−1π − y, ta = (−1)rasa.
Lemma A.1. For Equation (23), one can expand v as a power series in ta, where each coefficient is a
rational function of ra. For Equation (24), the variable Y can be expanded as a power series of (−1)rasa
and (−1)fX around Y = −1 with each coefficient rational in ra and f . One can also expand Y as a power
series of sa and (−X)
1
f around Y = 0 with each coefficient rational in ra and f .
Proof. This is done by elementary recursive calculation. We illustrate the expansion at Y = 0 for Equation
(24). The equation can be written as
Y f + Y f+1 +
k∑
a=1
saY
ra+f = ((−X) 1f )f .
Implicit function theorem (applying to Y (Y + 1 +
∑k
s=1 saY
ra)
1
f = (−X) 1f ) says Y is analytic in (−X) 1f
and sa around (X,Y, s) = (0, 0, 0), and recursive calculation shows each coefficient is a rational function of
lower degree coefficients. 
We consider an affine curve
C := {(X,Y ) ∈ (C∗)2 | L(X,Y ) = 0}
and its partial compactification C¯ ⊂ C2 with two points (X,Y ) = (0, 0) and (X,Y ) = (0,−1+O(s)) added.
Let e−x0 be the branch point of the map (X,Y ) 7→ X such that e−x0 = − 14 + O(s). Let γs be the oriented
Lefschetz thimble which passes through the ramification point (e−x0 , e−y0) = (− 14 + O(s),− 12 + O(s)) and
goes from (X,Y ) = (0,−1 + O(s)) to (X,Y ) = (0, 0). So the coordinate on γs is z such that x − x0 = z2.
We choose the sign of z such that (X,Y ) = (0, 0) is at z = +∞.
Lemma A.2.∫
γs
e−uxydx =
∑
l1,...,lk≥0
e
√−1π(−(f+1)u+∑ka=1 rala) Γ(u)Γ(fu+
∑k
a=1 rala)
Γ((f + 1)u+
∑k
a=1(ra − 1)la + 1)
∏k
a=1 s
la
a
l1! . . . lk!
.
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Proof. Consider a Landau-Ginzburg model Ws : (C
∗)3 → C, where
Ws = X1X
−f
2 X3 +X2X3 +X3 +
k∑
a=1
saX
ra
2 X3 − u logX1.
Define tˇ1 = X1X
−f
2 X3, tˇ2 = X2X3, tˆ1 = X1X
−f
2 , tˆ2 = X2.
Let X3 ∈ Γ3 be a cycle that counter-clockwise encircles the positive real axis, starting and ending on the
positive real infinity. We require the argument of each X3 ∈ Γ3 takes every value in (0, 2π) once. Define the
relative connected cycle Γs to be
Γs ={(X1, X2, X3) ∈ (C∗)3 | tˇ1 > 0, tˇ2 > 0, X3 ∈ Γ3,when X3 < 0 and s = 0, X2 ∈ R−}.
When |s| < ǫ for small ǫ, the superpotential Re(W ) → ∞ in the non-compact direction of Γs. On Γs the
logarithm is taken in the following way: when X3 < 0 and s = 0,
arg(X1) = −(f + 1)π, arg(X2) = −π, arg(X3) = π.
Since the cycle Γs is simply-connected and deforms continuously with respect to s, this choice is fixed.
Evaluate the following the oscillatory integral of Ws
I(u) =
∫
Γs
e−Ws
dX1
X1
dX2
X2
dX3
X3
=
∫
Γs
exp(−
k∑
a=1
satˇ
ra
2 X
1−ra
3 − tˇ1 − tˇ2 −X3 + u log tˇ1 + fu log tˇ2 − (f + 1)u logX3)
dtˇ1
tˇ1
dtˇ2
tˇ2
dX3
X3
=
∫
Γs
e−
∑k
a=1 sa tˇ
ra
2 X
1−ra
3 −tˇ1−tˇ2−X3 tˇu1 tˇ
fu
2 e
−(f+1)u(logX3−
√−1π)e−(f+1)
√−1πu dtˇ1
tˇ1
dtˇ2
tˇ2
dX3
X3
=− e−(f+1)
√−1πu ∑
l1,...,lk≥0
(−1)
∑k
a=1(ra−1)la
k∏
a=1
(−sa)la
la!
( ∫
tˇ1>0
e−tˇ1 tˇu−11 dtˇ1
)
·
( ∫
tˇ2>0
e−tˇ2 tˇ
∑k
a=0 rala+fu−1
2 dtˇ2
)
·
( ∫
X3∈Γ3
e−X3e(logX3−
√−1π)(∑ka=1(1−ra)la−(f+1)u−1)dX3
)
=2π
√−1e−(f+1)
√−1πu ∑
l1,...,lk≥0
(−1)
∑k
a=1 rala
k∏
a=1
slaa
la!
Γ(u)Γ(fu+
∑k
a=1 rala)
Γ((f + 1)u+
∑k
a=1(ra − 1)la + 1)
.
Here we use the Hankel’s formula √−1
2π
∫
Γ3
e−z(log(t)−
√−1π)e−tdt =
1
Γ(z)
.
By Hori-Iqbal-Vafa [39], this oscillatory integral could be reduced to a Laplace transform on the curve C.
Introduce two variables v+, v− ∈ C, and the extended cycle
Γ˜s = Γs × {v+ = −v−}.
Define H = WsX3 . Define the holomorphic volume form
Ω =
dX1
X1
dX2
X2
dv−
v−
= dxdy
dv−
v−
.
We reduce the oscillatory integral to the curve C as follows. Let Γ˜red = {(tˆ1, tˆ2)| arg tˆ1 = arg tˆ2} × {v+ =
−v−}.
I(u) =
1
2
√−1π
∫
Γ˜s
e−X3(H−v
+v−)e−ux
dX1
X1
dX2
X2
dX3dv
+dv−
=
1
2
√−1π
∫
Γ˜red
δ(H − v+v−)e−ux dX1
X1
dX2
X2
dv+dv−
=−
∫
Γ˜red∩{H−v+v−=0}
e−ux
dX1
X1
dX2
X2
dv−
v−
.
33
This integration is further reduced to the curve C = {H(e−x, e−y) = 0} as follows.
I(u) = −
∫
Γ˜red∩{H−v+v−=0}
e−uxdxdy
dv−
v−
= 2
√−1π
∫
γs
e−uxydx.
Notice that we use the fact d(e−uxydxdv
−
v− ) = −e−uxΩ near Γ˜red ∩ {H − v+v− = 0}. 
The function dydx is a meromorphic function on the partially compactified curve C¯ with the only pole at
x0. Its expansion at (X,Y ) = (0,−1+O(s)) is a power series in X , while its expansion at (X,Y ) = (0, 0) is
a series in X
1
f . Denote g±(x) = dydx |z=±√x−x0 . Then g− is a power series in X and sa, while g+ is a power
series in X
1
f and sa. Since they are expansions of
dy
dx =
XdY
Y dX regarding to the curve equation (24), as series
of (−1)fX , (−1)rasa and (−X)
1
f , sa respectively, their coefficients are rational in ra and f by Lemma A.1.
By Lemma A.2, the “classical Laplace transform” is
G(u) =
∫
x−x0∈R+
e−u(x−x0)(g+(x) − g−(x))d(x − x0)
=
∫
x−x0∈R+
e−u(x−x0)
(
dy
dx
)
d(x− x0) = ueux0
∫
γs
e−uxydx
=
∑
l1,...,lk≥0
ueux0e
√−1π(−(f+1)u+∑ka=1 rala) Γ(u)Γ(fu+
∑k
a=1 rala)
Γ((f + 1)u+
∑k
a=1(ra − 1)la + 1)
∏k
a=1 s
la
a
l1! . . . lk!
.
By the inverse Laplace transform formula,
(g+ − g−) =
∫ u=+∞√−1+T
u=−∞√−1+T
G(u)eu(x−x0)du,
where T is large enough such that all poles of G(u) is on the left of the integration contour. Here the inverse
Laplace transform takes residues around poles of Γ(u) and Γ(fu+
∑k
a=1 rala). Taking the residues around all
poles (other than the possible pole at u = 0) of Γ(fu+
∑k
a=1 rala) gives a series of (−X)
1
f with coefficients
rational in ra and f , denoted by h
+
h+ =
∑
l>0,l1,...,lk≥0
h+l,l1,...,lk
k∏
a=1
slaa ((−X)
1
f )l
=
∑
l>0,l1,...,lk≥0
(−l/f)e
√−1π(− f+1
f
l+
∑k
a=1 rala)(X
1
f )l
Γ(− lf )Resu=− lf Γ(fu+
∑k
a=1 rala)
Γ(− l(f+1)f +
∑k
a=1(ra − 1)la + 1)
∏k
a=1 s
la
a
l1! . . . lk!
=
∑
l>0,l1,...,lk≥0
(−l/f)(−X) lf
Γ(− lf )
Γ(− l(f+1)f +
∑k
a=1(ra − 1)la + 1)f
∏k
a=1 s
la
a
l!l1! . . . lk!
;
while taking residues around the poles of Γ(u) (other than the possible pole at u = 0) we get a power series
in X
h− =
∑
l>0,l1,...,lk≥0
(−l)X le
√−1π(−(f+1)l+∑ka=1 rala) Resu=−l(Γ(u))Γ(−fl+
∑k
a=1 rala)
Γ(−(f + 1)l+∑ka=1(ra − 1)la + 1)
∏k
a=1 s
la
a
l1! . . . lk!
=
∑
l>0,l1,...,lk≥0
(−l)((−1)fX)l Γ(−fl+
∑k
a=1 rala)
Γ(−(f + 1)l +∑ka=1(ra − 1)la + 1)l!
∏k
a=1((−1)rasa)la
l1! . . . lk!
.
So g+ − g− = h+ + h− + const., where the constant difference (in X) arises since we don’t consider the
residue around u = 0. For any degree l ≥ 1, choose f > l such that the term ((−X) 1f )l∏ka=1 slaa in g+ is not
a monomial in X , and thus can only come from h+. Since the coefficient of the term is rational in f , it has
to be equal to the corresponding term h+l,l1,...,lk for all f > 0. Therefore g
+ = h+ + const. and −g− = h−.
Here note that g− is the expansion of dydx , and since y is analytic in X at (X,Y ) = (0,−1 +O(s)), −g− has
no degree 0 term and does not differ from h− by a degree 0 term in X .
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Suppose the expansion of y at (X,Y ) = (0,−1 +O(s)) is y = A0 +
∑
l>0AlX
l, then the expansion of dydx
at this point is
g− =
dy
dx
= −
∑
l>0
lAlX
l.
Therefore for l ≥ 1,
(25) Al = −
∑
l1,...,lk≥0
e
√−1π(−fl+∑ka=1 rala) Γ(−fl+
∑k
a=1 rala)
Γ(−(f + 1)l+∑ka=1(ra − 1)la + 1)
∏k
a=1 s
la
a
l1! . . . lk!
.
We prove Lemma 4.7 by induction. The statement is true for k = 0 trivially. Assume it is true for
k = m − 1 (m ≥ 1). For k = m we first assume rm ∈ Z<0 and all other ra (a = 1, . . . ,m − 1) are positive
integers. By the induction assumption we know the expansion is given as in Lemma 4.7 for terms of degree
0 in tm. Let f = −rm. After a change of variables v =
√−1π − y, (−1)rasa = ta for a = 1, . . . ,m− 1 and
X = (−1)f tm we obtain Equation (24). Then from Equation (25) we know the expansion of y for positive
degree terms in X , thus conclude that for positive degree terms in tm the lemma also holds. Then for all
degrees the lemma holds
v =
∞∑
l1,...,lk=1
(l1,...,lk) 6=0
(r1l1 + . . . rklk − 1)(l1+···+lk−1)
l1! . . . lk!
tl11 . . . t
lk
k .
Each coefficient is a rational function of r1, . . . , rm. The above equation holds for r1, . . . , rm−1 ∈ Z>0 and
rm ∈ Z<0, so it is true for all ra ∈ R.
References
[1] D. Abramovich, T. Graber, A. Vistoli, “Angelo Algebraic orbifold quantum products,” Orbifolds in mathematics and
physics (Madison, WI, 2001), 1–24, Contemp. Math., 310, Amer. Math. Soc., Providence, RI, 2002.
[2] D. Abramovich, T. Graber, A. Vistoli, “Gromov-Witten theory of Deligne-Mumford stacks,” Amer. J. Math. 130 (2008),
no. 5, 1337–1398.
[3] M. Aganagic, A. Klemm, M. Marin˜o, C. Vafa, “The topological vertex,” Comm. Math. Phys. 254 (2005), no. 2, 425–478.
[4] M. Aganagic, A. Klemm, C. Vafa, “Disk instantons, mirror symmetry and the duality web, ” Z. Naturforsch. A 57
(2002), no. 1-2, 1–28.
[5] M. Aganagic, C. Vafa, “Mirror Symmetry, D-Branes and Counting Holomorphic Discs”, hep-th/0012041.
[6] L. Borisov, L. Chen, G. Smith, “The orbifold Chow ring of toric Deligne-Mumford stacks,” J. Amer. Math. Soc. 18
(2005), no. 1, 193–215.
[7] V. Bouchard, A. Klemm, M. Marin˜o, and S. Pasquetti, “Remodeling the B-model,” Comm. Math. Phys. 287 (2009),
no. 1, 117–178.
[8] V. Bouchard, A. Klemm, M. Marin˜o, and S. Pasquetti, “Topological open strings on orbifolds,” Comm. Math. Phys.
296 (2010), 589–623.
[9] A. Brini, “Open topological strings and integrable hierarchies: remodeling the A-model,” Comm. Math. Phys. 312
(2012), no. 3, 735–780.
[10] A. Brini, R. Cavalieri, “Open orbifold Gromov-Witten invariants of [C3/Zn]: localization and mirror symmetry,” Selecta
Math. (N.S.) 17 (2011), no. 4, 879–933.
[11] A. Brini, R. Cavalieri, D. Ross, “Crepant resolution and open strings,” arXiv:1309.4438.
[12] J. Bryan, C. Cadman, B. Young, “The orbifold topological vertex,”, Adv. Math. 229 (2012), no. 1, 531–595.
[13] C.-H. Cho, “Counting real J-holomorphic discs and spheres in dimension four and six,” J. Korean Math. Soc. 45 (2008),
no. 5, 14271442.
[14] R. Cavalieri, D. Ross, “Open Gromov-Witten theory and the crepant resolution conjecture,” Michigan Math. J. 61
(2012), no. 4, 807–837.
[15] S. Cecotti, C. Vafa, “Massive orbifolds”, Modern Phys. Lett. A 7 (1992), no. 19, 1715–1723.
[16] K. Chan, C.-H. Cho, S.-C. Lau, H.-H. Tseng, “Lagrangian Floer superpotentials and crepant resolutions for toric
orbifolds,” Comm. Math. Phys. 328 (2014), no. 1, 83–130.
[17] K. Chan, C.-H. Cho, S.-C. Lau and H.-H. Tseng, “Gross fibrations, SYZ mirror symmetry, and open Gromov-Witten
invariants for toric Calabi-Yau orbifolds,” J. Differential Geom. 103 (2016), no. 2, 207–288.
[18] K. Chan, S.-C. Lau, N. C. Leung, H.-H. Tseng, “Open Gromov-Witten invariants, mirror maps, and Seidel representa-
tions for semi-Fano toric manifolds”, arXiv:1209.6119, to appear in Duke Math. J.
[19] K. Chan, S.-C. Lau, H.-H. Tseng, “Enumerative meaning of mirror maps for toric Calabi-Yau manifolds”, Adv. Math.
244 (2013), 605–625.
[20] W. Chen, Y. Ruan, “Orbifold Gromov-Witten theory,” Orbifolds in mathematics and physics (Madison, WI, 2001),
25–85, Contemp. Math., 310, Amer. Math. Soc., Providence, RI, 2002.
35
[21] W. Chen, Y. Ruan, “A new cohomology theory of orbifold,” Comm. Math. Phys. 248 (2004), no. 1, 1–31.
[22] C.-H. Cho, M. Poddar, “Holomorphic orbidiscs and Lagrangian Floer cohomology of symplectic toric orbifolds”, J.
Differential Geom. 98 (2014), no. 1, 21–116.
[23] T. Coates, “On the crepant resolution conjecture in the local case,” Comm. Math. Phys. 287 (2009), no. 3, 1071–1108.
[24] T. Coates, A. Givental, “Quantum Riemann-Roch, Lefschetz and Serre,” Ann. of Math. (2) 165 (2007), no. 1, 15–53.
[25] T. Coates, A. Corti, H. Iritani, H.-H. Tseng, “A mirror theorem for toric stacks,” Compos. Math. 151 (2015), no. 10,
1878–1912.
[26] D. Cox, J. Little, H. Schenck, Toric varieties, Graduate Studies in Mathematics 124, American Mathematical Society,
2011.
[27] D.E. Diaconescu, B. Florea, “Localization and Gluing of Topological Amplitudes,” Comm. Math. Phys. 257 (2005)
119-149.
[28] E. Eynard, N. Orantin, “Invariants of algebraic curves and topological expansion,” Commun. Number Theory Phys. 1
(2007), no. 2, 347–45
[29] E. Eynard, N. Orantin, “Computation of open Gromov-Witten invariants for toric Calabi-Yau 3-folds by topological
recursion, a proof of the BKMP conjecture,” Comm. Math. Phys. 337 (2015), no. 2, 483–567.
[30] B. Fang, C.-C. Liu, “Open Gromov-Witten invariants of toric Calabi-Yau 3-folds,” Comm. Math. Phys. 323 (2013), no.
1, 285–328
[31] B. Fang, C.-C. Liu, H.-H. Tseng, “Open-Closed Gromov-Witten Invariants of 3-dimensional Calabi-Yau Smooth Toric
DM Stacks,” arXiv:1212.6073v1.
[32] B. Fang, C.-C. Liu, Z. Zong, “On the remoding conjecture for toric Calabi-Yau 3-orbifolds,” arXiv:1604.07123.
[33] K. Fukaya, Y.-G. Oh, H. Ohta. K. Ono. “Lagrangian Floer theory on compact toric manifolds, I”, Duke Math. J. 151
(2010), no. 1, 23–174.
[34] W. Fulton, Introduction to toric varieties, Annals of Mathematics Studies, 131. The William H. Roever Lectures in
Geometry. Princeton University Press, Princeton, NJ, 1993.
[35] A. Givental, “A mirror theorem for toric complete intersections,” Topological field theory, primitive forms and related
topics (Kyoto, 1996), 141–175, Progr. Math., 160, Birkha¨user Boston, Boston, MA, 1998.
[36] A. Givental, “Elliptic Gromov-Witten invariants and the generalized mirror conjecture,” Integrable systems and algebraic
geometry (Kobe/Kyoto, 1997), 107–155, World Sci. Publ., River Edge, NJ, 1998.
[37] E. Gonzalez, C. Woodward, “Quantum cohomology and toric minimal model programs,” arXiv:1207.3253.
[38] T. Graber, E. Zaslow, “Open-string Gromov-Witten invariants: calculations and a mirror “theorem”,” Orbifolds in
mathematics and physics (Madison, WI, 2001), 107–121, Contemp. Math., 310, Amer. Math. Soc., Providence, RI,
2002.
[39] K. Hori, A. Iqbal, C. Vafa, “D-Branes And Mirror Symmetry”, hep-th/0005247.
[40] K. Hori, C. Vafa, “Mirror Symmetry”, arXiv:hep-th/0002222.
[41] S. Hosono, A. Klemm, S. Theisen, S.-T. Yau, “Mirror symmetry, mirror map and applications to complete intersection
Calabi-Yau spaces,” Nuclear Phys. B 433 (1995), no. 3, 501–552.
[42] H. Iritani, “An integral structure in quantum cohomology and mirror symmetry for toric orbifolds,” Adv. Math. 222
(2009), no. 3, 1016–1079.
[43] Y. Jiang, “The orbifold cohomology ring of simplicial toric stack bundles,” Illinois J. Math. 52 (2008), no. 2, 493–514.
[44] S. Katz, C.C. Liu, “Enumerative geometry of stable maps with Lagrangian boundary conditions and multiple covers of
the disc,” Adv. Theor. Math. Phys. 5 (2001), no. 1, 1–49.
[45] H.-Z. Ke, J. Zhou, “Open-Closed Gromov-Witten Invariants of 3-dimensional Calabi-Yau Smooth Toric DM Stacks,”
Lett. Math. Phys. 105 (2015), no. 1, 63–88.
[46] W. Lerche, P. Mayr, “On N=1 Mirror Symmetry for Open Type II Strings,” arXiv:hep-th/0111113.
[47] B. H. Lian, K. Liu, S.-T. Yau, “Mirror principle. I,” Asian J. Math. 1 (1997), no. 4, 729–763.
[48] B. H. Lian, K. Liu, S.-T. Yau, “Mirror principle. II,” Asian J. Math. 3 (1997), no. 1, 109–146.
[49] C. Lin, “Bouchard-Klemm-Marino-Pasquetti Conjecture for C3,” arXiv:0910.3739.
[50] C.-C. M. Liu, “Moduli of J-holomorphic curves with Lagrangian boundary conditions and open Gromov-Witten invari-
ants for an S1-equivariant pair,” arXiv:math/0211388.
[51] C.-C. M. Liu, “Localization in Gromov-Witten theory and orbifold Gromov-Witten theory”, Handbook of moduli. Vol.
II, 353–425, Adv. Lect. Math. (ALM), 25, Int. Press, Somerville, MA, 2013.
[52] J. Li, C.-C. M. Liu, K. Liu, J. Zhou, “A mathematical theory of the topological vertex,” Geom. Topol. 13 (2009), no.
1, 527–621.
[53] M. Marin˜o, “Open string amplitudes and large order behavior in topological string theory”, J. High Energy Phys. (2008),
no. 3, 060, 34 pp.
[54] P. Mayr, “N = 1 mirror symmetry and open/closed string duality,” Adv. Theor. Math. Phys. 5 (2001), no. 2, 213–242.
[55] D. Maulik, A. Oblomkov, A. Okounkov, “Gromov-Witten/Donaldson-Thomas correspondence for toric 3-folds,” Invent.
Math. 186 (2011), no. 2, 435-479.
[56] T. Nishinou, B. Siebert, ”Toric degeneration of toric varieties and tropical curves,” Duke Math. J. 135 (2006), no. 1,
1–51.
[57] A. Okounkov, R. Pandharipande, “Hodge integrals and invariants of the unknot,” Geom. Topol. 8 (2004), 675–699.
[58] R. Pandharipande, J. Solomon, J. Walcher, “Disk enumeration on the quintic 3-fold,” J. Amer. Math. Soc. 21 (2008),
no. 4, 1169–1209.
36
[59] A. Popa, A. Zinger, “Mirror symmetry for closed, open, and unoriented Gromov-Witten Invariants,” Adv. Math. 259
(2014), 448–510.
[60] D. Ross, “Localization and gluing of orbifold amplitudes: the Gromov-Witten orbifold vertex”, Trans. Amer. Math. Soc.
366 (2014), no. 3, 1587–1620.
[61] D. Ross, “On GW/DT and Ruan’s Conjecture for Calabi-Yau 3-Orbifolds,” Comm. in Math. Phys. 340 (2015), 851–864.
[62] D. Ross, Z. Zong, “The gerby Gopakumar-Mario-Vafa formula,” Geom. Topol. 17 (2013), no. 5, 2935–2976.
[63] D. Ross, Z. Zong, “Cyclic Hodge integrals and loop Schur functions,” Adv. Math. 285 (2015), 1448–1486.
[64] J. Solomon, “Intersection theory on the moduli space of holomorphic curves with Lagrangian boundary conditions,”
arXiv:math/0606429.
[65] H.-H. Tseng, “Orbifold quantum Riemann-Roch, Lefschetz and Serre,” Geom. Topol. 14 (2010), no. 1, 1–81.
[66] J. Walcher, “Opening mirror symmetry on the quintic,” Comm. Math. Phys. 276 (2007), no. 3, 671–689.
[67] E. Zaslow, “Topological orbifold models and quantum cohomology rings”, Comm. Math. Phys. 156 (1993), no. 2,
301–331.
[68] J. Zhou, “Local mirror symmetry for one-legged topological vertex,” arXiv:0910.4320.
[69] J. Zhou, “Open string invariants and mirror curve of the resolved conifold,” arXiv:1001.0447.
[70] Z. Zong, “Generalized Marin˜o-Vafa formula and local Gromov-Witten theory of orbi-curves,” J. Differential Geom. 100
(2015), no. 1, 161–190.
Bohan Fang, Beijing International Center for Mathematical Research, Peking University, 5 Yiheyuan Road,
Beijing 100871, China
E-mail address: bohanfang@gmail.com
Chiu-Chu Melissa Liu, Department of Mathematics, Columbia University, 2990 Broadway, New York, NY 10027
E-mail address: ccliu@math.columbia.edu
Hsian-Hua Tseng, Department of Mathematics, Ohio State University, 100 Math Tower, 231 West 18th Avenue,
Columbus, OH 43210
E-mail address: hhtseng@math.ohio-state.edu
37
